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his paper is motivated by two phenomena observed in many queueing systems in practice. The first is the

partitioning of server capacity among different customers based on their service time requirements. The
second is rush hour demand where a large number of customers arrive over a short period of time followed
by few or no arrivals for an extended period thereafter. We study a system with multiple parallel servers and
multiple customer classes. The servers can be partitioned into server groups, each dedicated to a single customer
class. The system operates under a rush hour regime with a large number of customers arriving at the beginning
of the rush hour period. We show that this allows us to reduce the problem to one that is deterministic and
for which closed-form solutions can be obtained. We compare the performance of the system with and without
server partitioning during rush hour and address three basic questions. (1) Is partitioning beneficial to the
system? (2) Is it equally beneficial to all customer classes? (3) If it is implemented, what is an optimal partition?
We evaluate the applicability of our results to systems where customers arrive over time using (1) deterministic
fluid models and (2) simulation models for systems with stochastic interarrival times.
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1. Introduction

This paper is motivated by two phenomena observed
in many queueing systems in practice. The first is
the partitioning of server capacity among different
customers based on their service requirements. For
example, in systems with parallel servers, it is not
uncommon to dedicate a subset of the servers to cus-
tomers with the shortest service times. The classic
example is of course the express lane(s) found in gro-
cery stores, but it is also observed elsewhere including
banks, airports, government offices, and call centers.
The second phenomenon is the arrival of a large num-
ber of customers over a short period of time followed
by few or no arrivals for an extended period there-
after. This situation is observed in systems subject to
rush hour demand, such as toll booths on highways
during peak hours, fast-food restaurants during lunch
time, concession stands in stadiums during intermis-
sions, customs, and immigration controls at airports
following an international flight, and many others.
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The common feature to these examples is the almost
simultaneous arrivals of a large number of customers
followed by few or no additional arrivals until the
next rush hour. In such systems, the primary concern
is the waiting time that customers experience during
this period because there is typically ample capacity
at other times.

Despite the prevalence of both phenomena in prac-
tice, they appear not to have been sufficiently studied
in the literature. In particular, there are few results
regarding how to best partition servers among cus-
tomer classes and whether or not this partitioning is
beneficial. Similarly, there are relatively few results
for systems subject to rush hour demand, particu-
larly with respect to how capacity should be managed
during this period.

In this paper, we address several of these limi-
tations. First, we show that partitioning can indeed
be beneficial to the system as a whole. Second, we
show that there does not exist a partitioning of servers
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among customers under which all customer classes
are better off (although there exists a partitioning
under which all customers are indifferent between
the partitioned and unpartitioned system). Third, we
show that there exists a unique partitioning that opti-
mizes the performance of the system as a whole and
we provide a closed-form expression for the number
of servers allocated to each class under this optimal
partition.

In our analysis, we make the assumption that all
customers arrive instantaneously at the beginning of
the rush hour period. This assumption allows us
to reduce the problem to one that is deterministic
and for which closed-form solutions can be obtained.
Using simulation, we examine the effectiveness of our
optimal server partitioning solution when customers
arrive over time with stochastic interarrival times.
We also compare our results with results obtained
using a fluid model where both arrivals and ser-
vice occur with fixed rates. In both cases, we find
that our optimal allocation is effective when customer
arrival rates are sufficiently higher than service rates.
Our approach is not appropriate in systems where
times between consecutive arrivals are much longer
than service times. Obviously, those settings do not
correspond to rush hour regimes.

There is a rich literature in queueing theory that
compares partitioned versus unpartitioned systems.
The partitioned system is often in the form of mul-
tiple single server queues with each queue serving
an independent stream of customers who arrive con-
tinuously over time with stochastic interarrival times.
The unpartitioned system, however, is in the form
of a single multiserver queue from which all cus-
tomers are served on a first-come, first-served basis;
see, for example, Kleinrock (1976), Rothkopf and
Rech (1987), Smith and Whitt (1981), Whitt (1992,
1999), Benjaafar (1995), and Benjaafar et al. (2005).
An important insight from this literature is that the
unpartitioned system is superior as long as all cus-
tomers have identical service time distributions, but
not necessarily so when customer streams have differ-
ent service time requirements. The setting for this lit-
erature is different from ours in that it assumes steady
state operation over an infinite horizon and contin-
uous customer arrivals. Most of this literature also
assumes that the set of servers associated with each

demand stream in the partitioned system either con-
sists of a single server or is exogenously determined.
A notable exception is Whitt (1999), who presents
a heuristic procedure for assigning servers to each
customer stream.

One of the benefits of partitioning, both in the
queueing literature and in our model, is protecting
customers with short processing times from experi-
encing delays due to customers with long process-
ing times. This, of course, can be achieved without
resorting to partitioning but by assigning different
priorities to different customer streams or classes.
However, having customers wait in a single queue
and be sequenced based on a priority scheme can
be unpractical in some settings or not acceptable to
certain customers in others; see Rothkopf and Rech
(1987) for an illuminating discussion on this topic.
Partitioning can be viewed as an alternative to prior-
ity sequencing in such settings.

Another approach that has been used to differen-
tiate between customer classes is to reserve servers
(or buffer spaces in the server queues) for certain cus-
tomer classes based on the current state of the system.
This approach is useful when the number of buffer
spaces is limited and customers are rejected at a cost
when buffers are full (a special case is the so-called
loss system, where no queueing is allowed). When the
rejection costs for different customers are different, it
becomes desirable to reserve capacity for customer
classes with higher costs; see for example Ross and
Yao (1990), Altman et al. (2001), and Savin and Wang
(2006), and the references therein. Our setting is dif-
ferent because we do not place limits on the number
of customers in the queue.

Our work is also related to the vast literature on
deterministic scheduling with parallel machines (see,
for example, Chapter 5 of Pinedo 2002 and the ref-
erences therein). The focus of this literature is on the
assignment and sequencing of jobs at each machine.
The partitioning of customers we consider in this
paper is not common in that literature. Partitioning
is applicable in settings such as the one we consider
in this paper when such sequencing is not possible
and when jobs can be categorized into classes (e.g.,
product families) based on their processing times.

Finally, let us note that using deterministic anal-
ysis to model queueing systems is not new. There
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is a well-established literature that uses deterministic
fluid models to approximate the behavior of queueing
systems; see, for example, Newell (1982), Hall (1991),
Avram et al. (1995), and Whitt (2006), among others.
In a fluid model, the arrival and service processes
are approximated using deterministic and continuous
rates. Discrete state variables, such as number of cus-
tomers in the queue, are approximated using contin-
uous variables (amount of fluid). In §7.1, we show
that, using a fluid model, we can recover most of the
results we obtain with our discrete model, including
the same optimal server allocation.

The rest of this paper is organized as follows.
In §2, we describe our model for systems with and
without partitioning. In §§3 and 4, we describe our
main theoretical results. In §5, we provide numerical
results illustrating the benefit of partitioning. In §6,
we examine the impact of server pooling within each
class. In §7, we investigate the impact of phased cus-
tomer arrivals using deterministic fluid approxima-
tions and Monte Carlo simulation. In §8, we offer some
concluding comments.

2. Problem Description and
Preliminary Results

We consider a queueing system consisting of n
identical servers and [ customer classes. Service
times within each class are assumed to be inde-
pendent and identically distributed with mean E(S;)
for customer class i, i=1,...,1, where S; is a ran-
dom variable denoting service time for customer
class i. Without loss of generality, we assume that
E(S)) <E(S,) <---<E(S). We consider two scenar-
ios, one in which the servers are partitioned among
the customer classes with each class i, i=1,...,1,
assigned k; servers where k; is a positive integer (i.e.,
k; > 0) and k; + - - -+ k; = n. We refer to this system as
the partitioned system. The other scenario is one in
which all servers are accessible to all customers. We
refer to this system as the unpartitioned system. Upon
arrival, a customer chooses a server among those
assigned to his class and waits in the queue of that
server until the server becomes available. We assume
that no jockeying is allowed so that customers do
not switch queues once they have joined one (see §6
for a discussion of the impact of pooling servers

within each class). Within each queue, we assume
that customers are served on a first-come, first-served
basis. Once a customer receives service, the customer
leaves the system. Of course, in the unpartitioned sys-
tem, a customer can choose any server.

For both the partitioned and unpartitioned systems,
we assume that customers choose to join the queue
with the fewest customers. This implies that in the
absence of partitioning a customer does not know
the type of other customers who are already in the
system. We also assume that an arriving customer
does not know the remaining service time for cus-
tomers currently in service. For customers that seek to
minimize expected delay, choosing to join the queue
with the fewest customers is therefore plausible (and
perhaps consistent with behavior in practice). This
assumption is further justified given our rush hour
setting as we discuss below.

We are concerned with a rush hour regime of oper-
ation whose beginning is marked by the simultaneous
arrival of m customers to the system, with m being
much greater than the number of servers (m > n).
We assume that no further arrivals occur until these
m customers have cleared the system. This is obvi-
ously an approximation of rush hour phenomena
in practice. Arrivals are typically phased over time
and continue to occur beyond the initial arrival rush
(in §7, we provide results based on fluid approxima-
tions and simulation to test the impact of having cus-
tomers arrive over time). We assume that the fraction
of customers that are of type i is p;, where 0 <p; <1
and p; +---+p; =1, so that the number of customers
of type i is m; = p;m, and also assume that m; > n.
Our main results in Theorems 1-3 regarding server
allocations do not depend on the specific values of m
and m; but only on the ratio m;/m.

Without loss of generality, we assign an arbitrary
but unique index from 1 to m to each customer, where
customer j (j=1, ..., m) chooses which queue to join
before customer j+ 1 does. Because we assume that
customers join the server with the shortest queue
immediately, the length of each of the queues dedi-
cated to class i would be m;/k; customers (including
the one in service) once all m; customers have joined
a queue. We shall treat m;/k; as an integer because
m; > k;. In a system without server partitioning, the
length of all queues is equal to m/n, which we also
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treat as an integer. We assume that customers of dif-
ferent types are perfectly mixed so that the probability
of a customer, selected at random from any queue in
the unpartitioned system, to be of type i is p;.

We use expected time customers spend in the sys-
tem as our measure of performance. For the unparti-
tioned system, the expected time a customer spends
in the system (regardless of his class) is given by

1
E(W") = X_piE(S)

i=1

_ (% 4 %) gpiz-:(s,.). (1)

<1+2+---+m/n)

m/n

Similarly, for the partitioned system, the expected
time in the system for customers of type i is given by

1 pm
P(k)) = =+52— , 2
B ) = (5 + B ECS), @
and the expected time in the system for an arbitrary
customer is

!
E(WP (k) = 3_piE(W] (k). ®)
i=1

where k= (k,, ..., k;) is a vector specifying the num-
ber of servers dedicated to each class. Although the
above performance measures depend on the parame-
ter m, we show in the next two sections that our main
results in Theorems 1-3 are in fact independent of m.
Note that expectation in the above expressions is
taken with respect to service times. However, because
the expected value of a linear combination of ran-
dom variables is a linear combination of the expected
values of the random variables, the above expres-
sions are a function of only the means of service
times. Hence, the formulations are essentially the
same as those for a deterministic system (and the
above expressions can be viewed as averages). This
is of course due to our assumption of instantaneous
customer arrivals at the beginning of the rush hour
period. A consequence of this assumption is that each
server works continuously until its queue has been
emptied. The time a customer spends in the system
depends only on how many customers are ahead in
its queue and the expected service time for these cus-
tomers, which are known with certainty. This is not

the case in a system where arrivals are phased over
time. In that case, the number of customers that are
ahead in the queue of an arriving customer is stochas-
tic and depends on the distribution both arrival times
and service times; see §7 for a discussion of phased
customer arrivals.

Finally, we should note that throughout the paper
we assume that the values of m; and m are known
prior to server partitioning, including the optimal par-
titioning described in §4. This is, of course, a rea-
sonable assumption when server partitioning can be
quickly carried out (or adjusted) upon observing cus-
tomer arrivals. This is also a reasonable assumption
when there is advance notice on the number of cus-
tomers from each type. For example, in a sporting or
entertainment event, information about number and
mix of customers could be obtained from the num-
ber and type of tickets sold. However, there are set-
tings where the number and mix of customers are
not known a priori, although information about their
distribution may be available, and partitioning must
be carried out prior to observing actual arrivals (or
the same partitioning must be maintained over mul-
tiple rush hour occurrences). In those settings, our
approach and the results of Theorems 1-3 would
still continue to apply as long as the fraction of cus-
tomers p; from each class i is known a priori and
remains constant from one rush hour occurrence to
the next. For example, this would be the case when
the total number of customers m is very large (strictly
speaking, when m — o0) and p; corresponds to the
known probability of a customer being of type i,
independently of other customers. In that case, by
virtue of the law of large numbers, the fraction of cus-
tomers of type i converges to p; as m becomes very
large. There may be settings where the fraction of
customers p; varies stochastically from one rush hour
occurrence to the next but the same partitioning must
be maintained over multiple occurrences. Determin-
ing the optimal server partitioning in this case is more
difficult and we leave it as a topic for future research.

3. Fairness of Partitioning
In this section, we address the question of fairness.
Namely, is it possible to find a server partitioning
scheme under which all customer classes are better
off than in the unpartitioned system?
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THEOREM 1. Let

kY =(ky, ..., k")
_ ( pE(S,) - pE(S) n) @)
Zi:l piE(S;) Y 2521 piE(S;) '

Then, the following equivalence holds for all i :
E(W!(k;)) < E(W") if and only if k; > k.
Therefore, the unique solution to the system of inequalities

E(W (k,)) < E(W")

E(W/ (k) < E(W*)

is
ky =k

k] == klw
for which E(W/ (k¥)) = E(W") for all i.

The proof for Theorem 1 is straightforward and we
omit it. Theorem 1 shows that a partitioned system
can never simultaneously improve the performance of
all customer classes. Hence, an improvement achieved
by any customer class comes only at the expense
of other classes. It is possible for a partitioned sys-
tem to provide the same level of performance for
each class as an unpartitioned system. However, this
is the case if and only if each class is allocated a
number of servers proportional to its workload, that
is, k; = k. We refer to such an allocation as the
workload-proportional allocation. Note that a workload-
proportional allocation is feasible only if the k!’ are
integer valued. If not, then no allocation exists under
which the partitioned and unpartitioned systems are
equivalent.

Although the workload-proportional allocation (if
feasible) is the only allocation that guarantees that
each class is not worse off with partitioning, it is not
the only allocation that could provide the same over-
all expected time in the system as the unpartitioned
system.

THEOREM 2. Let

K" = (K", ..., k") = (pyn, ..., pym). )

Then, E(W? (k™)) = E(W*). Furthermore, forany 1 <j <l
such that E(S;) < 25:1 piE(S;), we have ki* > k. Other-
wise, if E(S;) > Y i, p;E(S;), we have ki <kj'.

The proof is also straightforward and we again omit
it. Theorem 2 shows that an allocation proportional to
the population of each class leads to the same over-
all system performance as the unpartitioned system.
This allocation is of course feasible only if it yields
integer-valued k!"’s. We refer to this allocation as
the mix-proportional allocation. As we can see, a mix-
proportional allocation favors customer classes with
relatively short service times (classes whose mean
service time is smaller than the overall mean ser-
vice time); these customers receive more servers than
they would under the workload-proportional allo-
cation. Consequently the performance of other cus-
tomer classes suffers relative to their performance in
an unpartitioned system. We will use this property
in the next section to further characterize the optimal
allocation.

4. Optimal Partitioning

In this section, we address the question of whether
or not partitioning can improve the overall perfor-
mance of the system, even though it may not improve
the performance of all customers, and, if so, what is
the optimal way to partition servers among differ-
ent classes. Our criterion for system optimality is the
expected time in the system for an arbitrary customer,
as defined in (3). This is consistent with treatments
in the literature for a variety of queueing systems.
Our analysis can be easily extended to systems where
different weights or costs are associated with delay
for different customer classes. We briefly discuss this
extension at the end of this section. There may of
course be other criteria for optimality; we discuss a
few of these in §8.

THEOREM 3. Let
k* = (ki,..., k)
_ ( PV E(S;) .
Y PVE(S)
1. The minimum

1 1 m 1 2
min E(W/(9) =3 S pES) + 3+ (LpES)) )
i=1

Zé:l ki=n i=1 2n

PV E(S)
e, ——————— . 6
S p/E®S) ”> ©

is attained with the unique vector k*.
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2. For each 1 < j <1, if E(S;) < i piE(S;), then
k;‘ > k]?” ; otherwise, k}‘ > k;". In general, k}‘ > min(k}”, k;”).

3. There exists at least some j such that E(S;) <
Zf.:l piE(S) and ki < ki < kj'. Similarly, there exists
at least some j' such that E(S;) > Y piES;) and
ki > k3 > ki

Proor.
1. We need to show that
1 2E(S )
E(W09) = 3 LpES) + 5, Z <

> —ZP,E(SH (Zp,ﬁ)

Using the Cauchy-Schwarz inequality, we have

(5rve®) = [l m )]

(M)

The equality holds if and only if p;/E(S;)/n/k; =
c/ki/n for all 1 <i <] with a common c # 0, which,

together with Y\ k; = n, leads to ¢ = YL, p;/E(S))
and k =k*.
2. By virtue of the Cauchy-Schwarz inequality,

émﬂﬁﬁ=§¢ﬁﬁﬁifs énﬂw-
If l
E(S) < Y piE(S),
we have h
k¥ = pj\/?%) n> pj\/?%) n
LOXLpVES) Tyl pEs)
. _PES) .

Z§=1 piE(S;) /
and, by Theorem 2,

k' > k7.
Similarly, if
!
E(S) = > _piE(S),
i=1

we have
i E(S) P/ S £G
k;‘ 1P
11P\/E(5) \/Z . pE 5)
and
k;"gk;”.

In general, we have k* > mm(k}”, k]“’
3. One side of the 1nequa11t1es were already shown
in Result 2 of the theorem. For the remaining inequal-

ities, consider the fact

!
Yk =

j=1

1 1
Sk = Sk =n,
j=1 j=1

which would lead to a contradiction if the inequalities
did not hold. O

We should note that the optimal allocation k* is fea-
sible only if it leads to integer-valued k}’s. If not, the
optimal allocation would have to be obtained via a
search over the discrete space of feasible values for
the variables k;. Note that the function E(W”(k)) is
jointly convex in the variables k;, which would facili-
tate such a search.

CoOROLLARY 4. The allocation defined by k*, if feasible,
provides an overall expected time in the system that is at
least as small as the one provided by the unpartitioned
system.

Proor. The result follows from the fact that

E(WP(i)) = min E(W"(k)) < E(W"(KY)) =

x 1k,—}’l

E(W®),

where the last equality is due to Theorem 1. O

The expression of the optimal allocation k* is
reminiscent of the workload-proportional allocation,
except that the effect of service times is attenuated by
the square root factor. This, of course, favors customer
classes with relatively short service times and, as we
can see, they receive a higher allocation of servers
than they would under the workload-proportional
allocation. This comes at the expense of customer
with relatively long service times who receive a
smaller allocation of servers; nevertheless, these cus-
tomers are guaranteed to receive an allocation that is
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at least greater than or equal to the one they would
receive under a mix-proportional allocation. In gen-
eral, regardless of customer class, k}‘ > min(k}" ,k]?")
is always satisfied. The square root effect observed
under the optimal allocation is also reminiscent of
similar results obtained in other settings where the
optimal capacity for a demand stream is found to be a
function of the square root of the workload associated
with that stream (e.g., demand rate); see, for example,
Kleinrock (2002).

The workload- and mix-proportional allocations
can be viewed as two extreme forms of allocation,
one accounting for service times, the other ignoring
service time differences and accounting only for the
relative population size of each class. The optimal
allocation accounts for service times but not to the
extent that the workload-proportional allocation does.
Because of this, one might assume that an ordering
among the three allocations always holds. However,
this is not true in general, although it is so for the
important case of a system with two classes (this case
is important because in practice customers are often
partitioned into two classes). For this case, as a conse-
quence of Result 3 in Theorem 3, we have ki’ < kj <k’
and k¥ >k} > kI’

In the above analysis, we have implicitly assumed
that customer classes are equally important. How-
ever, there may be settings where some customer
classes are more important than others. In that case,
a greater weight would need to be placed on the
time in the system experienced by the more important
classes. This could be achieved by assigning quantita-
tive weights (which may correspond to delay penal-
ties or costs) to each customer class, say w; > 0 for
class i, and using weighted expected time in the
system

!
E(W? (k) = 3_ p;w,E(W/ (k;)) ®)

i=1
as the measure of system optimality. This changes lit-

tle to the analysis except that the optimal allocation is
now given by

]A(?: piv/ W;E(S;) " )

Z;‘:l Piy/ w;E(S))

fori=1,...,n.

5. Benefit of Partitioning

In this section, we illustrate using a simple example
the relative benefit that could be realized from par-
titioning. We consider a system with [ classes with
equal populations so that p;=1/I fori=1,...,1. The
means of the service times of different classes are
uniformly distributed over the range [M —x, M + x],
where x < M and M > 0. This implies that E(S) =
YpES) =M and E(S) =M — x + 2x(i — 1)/
(I —1). For example, if M =10, x =3, and [ =4, then
E(5)=7, E(S,) =9, E(S;) =11, and E(S;) = 13. Using
this construction, we can compare systems with the
same overall mean M but different variability in mean
service times by varying x and [ as shown in Figure 1.

Figure 1 shows the percentage reduction in the ex-
pected time in the system that results from optimal
partitioning relative to no partitioning, as a function
of the standard deviation of service time means. We
do so for different values of I and for different val-
ues of standard deviation in the service time means
(obtained by varying the parameter x). Other param-
eters are M =10, n =10, and m = 500. The following
observations can be made:

1. The percentage decrease in expected time in sys-
tem due to partitioning can be significant, up to 50%
in the cases shown.

2. The improvement is increasing in the variabil-
ity among the means of service times of the different
demand classes.

3. For a given level of variability, the improvement
is increasing in the number of demand classes.

The first observation is not surprising because the im-
provement that could be achieved with partitioning is

Figure 1 Percentage Decrease in Expected Time in System Due to

Partitioning

60
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30

Percentage decrease in expected
time in system

Q N Vv " x ) o A ey 9 ®
Standard deviation of service time means
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not theoretically bounded but rather depends on the
differences among service time means of the different
demand classes. The fact that the improvement is not
bounded can be seen from the limit

_ (Zi‘:l Piv E(Si))z‘

. E(WP(kY))
6= lim £S)

Mm— 00 E(W“)

It is easy to construct examples where 6 is arbitrarily
small and even approaches zero. The second observa-
tion is also consistent with intuition. The more vari-
ability in mean service times there is among different
classes, the more valuable it is to separate these
classes (by protecting those with short service times
from those with long service times). This observation
is consistent with observations made by Whitt (1999)
in the context of a standard queueing system with
Poisson arrivals. The third observation is due to the
fact that, everything else being equal, dividing cus-
tomers in more classes is always desirable because
we can always choose to treat two or more demand
classes in the same way in terms of server assign-
ments (which would be equivalent to merging them
in a single class).

6. Impact of Server Pooling

In our analysis so far, we have assumed that customer
jockeying is not allowed. That is, customers from a
class cannot switch queues if one of the queues avail-
able to this class becomes empty. The need for jockey-
ing would of course be mitigated if the servers within
each class were pooled and customers wait in a single
queue where they are processed by the first avail-
able server on a first-come, first-served basis. Unfor-
tunately, the analysis of systems with pooled queues
is difficult. To get insights into the value of pooling,
let us consider instead a system where both queues
and servers are pooled, so that instead of k; servers
being available to class i, there is a single server that
is k; times faster. Therefore, the expected service time
of customers of class i is E(S;)/k;. In the unpartitioned
system, a single server that is n times faster would
be available to all classes so that expected service
time is 3"\, p,E(S;)/n. This system is clearly more effi-
cient (i.e., yields lower expected time in the system)
than a system where only the queues are pooled but
the servers remain distinct. Therefore, if we are able

to show that the difference in performance between
this system and the system with separate servers and
queues is small, then this would also show that the
difference between the system where only queues
are pooled and the system with separate servers and
queues is small.

For an unpartitioned system with both queue and
server pooling, the expected time in the system for a
customer regardless of his class is given by

1
E(W;:)oled) = Z ) 1+2+ +m)

1
m

(3+7 ) YpEG),  0)

whereas for the partitioned system, the expected time
in the system for a class i customer is given by

E(W pooled(k )) (% + %)E(S) (11)

It is easy to verify that the difference A* =
E(W") — EWyoyq) = E(5)/2(1 — 1/n) < E(S)/2 where
E(S) = Y,pE(S), and that A" = E(W/(k)) —
E(W; pooled(k,.)) =E(S;)/2(1 — 1/k;) < E(S;)/2. Hence, for
both the unpartitioned and partitioned systems, the
reduction in expected time in the system due to pool-
ing is less than half the expected service time. Given
that the number of customers is large, this differ-
ence is rather insignificant. This can be further ver-
ified by noting that the ratios E(W")/E(Wy,,;) and
E(W/ (k;))/E(W! jporea(k:)) are small when m is large
and both approach 1 as m approaches infinity. These
results provide support for using Expressions (1)
and (2) as approximations for systems with pooling,
whether this involves the pooling of queues only or
both queues and servers.

It is important to note that server pooling in our con-
text does not have the same impact observed in other
queueing systems. This is because in the rush hour
regime all customers arrive at once. In a pooled sys-
tem, the average customer will have more customers
ahead of him in the queue, but these customers will be
processed at a faster rate. In a system without pooling,
this same customer will have fewer customers ahead
of him, but they will be processed at a slower rate.
Because the number of customers in the queue and the
service rate are scaled by the same factor, the net effect
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is that there is practically no difference between the
two systems when the total number of customers is
large. This is not the case in a system where customers
arrive over time and interarrival times are stochastic.
The pooled system has a distinct advantage in that
case, because it eliminates the inefficiency of having
one queue with a large number of customers and one
with very few or no customers.

7. Impact of Phased Customer

Arrivals

We have so far assumed that customers arrive to the
system all at once at the start of the rush hour period.
However, in practice, even in rush hour, customers
tend to arrive one at a time or in small groups with
random interarrival times. What defines rush hour is
the relatively short interarrival time between consec-
utive arrivals. In this section, we examine the impact
of having customers arrive over time. We are inter-
ested in determining the extent to which the server
allocation given by the vector k* continues to be effec-
tive in systems where customers arrive over time.
Unfortunately, exact analysis for systems with phased
arrivals and stochastic arrival interarrival times is dif-
ficult. Therefore, to obtain some insights, we present
results based on (1) deterministic fluid approxima-
tions and (2) stochastic computer simulation. In both
cases, we associate an arrival rate A; = p;A with cus-
tomers of type i, where p, = m;/m and A > 0 is the
overall arrival rate to the system. This means that the
expected time between consecutive customers of type
i is 1/A; and that it takes, on average, an amount of
time m;/A; = m/A for all customers from each class to
arrive. Note that the system is stable regardless of the
intensity of the arrival rates because the number of
arrivals is finite.

7.1. Fluid Approximation

Under a fluid approximation, we treat the arrival of
customers of type i as the arrival of a fluid that occurs
continuously with a constant rate A;. For the unparti-
tioned system, we assume that the arrivals from dif-
ferent customer classes are perfectly mixed so that
each unit of arriving fluid contains a fraction p; of
fluid of type i. This arriving fluid is split among the
queues of the n servers so that each queue receives
fluid at rate A/n. The fluid is pumped out of each

queue at a continuous rate w =1/Y"", p,E(S;). Simi-
larly, for the partitioned system, each server of type i
receives fluid at a rate p;A/k;, where k; is the number
of servers allocated to class i. In this case, the fluid at
each queue is pumped out at a rate u; = 1/E(S;). To
avoid the trivial case where there is no fluid accumu-
lation (and therefore no congestion) we assume that
for both systems the input rate to each queue is higher
than its output rate (i.e,, w < A/n and u; < p;A/k; for
i=1,...,10).

Given the above assumptions, it is relatively
straightforward to show that the expected numbers
of customers (the amount of fluid) at each queue in
the partitioned and unpartitioned systems are given,
respectively, by

gy M *
EN") = o (1 A/ﬂ) (12)
e E(N! (k)) = 22 (1 _ L) (13)
P 0k, piA/k; )

The expected time in the system for an arbitrary cus-
tomer can then be obtained as

m

E(W") = 1 (1 . ﬁ) gpiE(Si)

m m
= — E(S) — — 14
2 LPES) = 3y (14)
for the unpartitioned system and

I
E(WP(K)) = > p;E(W/ (k,)), (15)
i=1
where B pm m
E(W/ (k) = 5E(S) - o5 (16)

for the partitioned system.

We can see that the expected time in the system is
increasing in the arrival rate A. The limit case of
A — oo corresponds to the instantaneous arrivals of
all the customers. In that case, the expressions for
the expected time in the system reduce to E, (W") =
(m/2n) YL, piE(S) and E (W] (k;)) = (p;m/2k;)E(S)),
respectively. These expressions converge asymptoti-
cally to those we obtained in Equations (1) and (2)
as m — oo, with lim, . E(W")/E.(W*) =1 and
lim E(W/(k;))/E(WF (k) = 1. The limit of the

m— 00
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difference between the fluid approximation and the
exact expression is also small, with E(W") — E (W") =
1/2u and E(W! (k;)) —E..(W! (k;)) = 1/2p;. The fact that
the difference is strictly positive is due to the fact that,
in our original model, customers leave the system at
discrete points in time, and not continuously as in the
fluid model.

In general, the expressions for the expected time in
the system in (2) and (15) differ only by a constant
that is independent of the number of servers allocated
to each class. Consequently, the allocation vector k*
minimizes also E(W”(k)). This allocation is feasible if
the k}’s are integer valued and satisfy the constraints
piA > kf/E(S;) for i=1,...,1. These constraints are
equivalent to requiring that A be sufficiently large,
namely A > (n/\/E(S))/ X\, p/ES) fori=1,...,1.

These results provide support for the robustness of
the allocation given by k*. They show that, although
assuming instantaneous arrivals would lead to inac-
curate estimates for the expected time in the system,
the server allocation k* continues, nevertheless, to
be optimal. These results are not entirely surprising
given the similarities between our original setting and
the setting described by the fluid model. In particular,
in both cases, servers are continuously busy until all
customers have been cleared.

7.2. Monte Carlo Simulation

In the simulation model, customers arrive over time
with stochastic interarrival times that are indepen-
dent and identically distributed. Upon arrival, a cus-
tomer is routed to the shortest queue within his
class. Customers are processed by the correspond-
ing server when it becomes available with stochastic
service times that are also independently and iden-
tically distributed. The results we present here are
for systems with two customer classes. We denote
by p = AMp.E(S,)) + p,E(S,))/n the relative load that
is placed on the system. As A increases, so does p.
When A — oo, or, equivalently, p — oo, the system
approaches the idealized rush hour regime where all
arrivals occur at once.

We carry out simulation experiments over a wide
range of system parameters. For each combination of
parameters (a scenario), we first search for the optimal
allocation, denoted by the vector k°, by simulating
the system under all possible allocations and choos-
ing the one that leads to the lowest expected time

in the system. We then compare the expected time in
the system under the optimal allocation E (W” (k9)) to
the expected time in the system under allocation k*
E(V~\/” (k*)). Note that because k* is not guaranteed to
be an integer, we evaluate both the integer floor and
integer ceiling of k* and choose the one that leads to
the lower expected time in the system. For each sce-
nario that we test, we carry out enough replications so
that our estimate of the expected time in the system
is within £2% of the true expected value with 95%
confidence. To measure the impact of using allocation
k* instead of allocation k°, we use the percentage dif-
ference in performance defined as follows

E(WP (k*)) — E(W?(K))

y =100% 4
E(Wr(k*))

For each scenario, we simulate the system for differ-
ent values of p (by progressively increasing A from
0.1 in increments of 0.1 while keeping everything else
fixed) until we reach a value of p for which y < 1%.
In other words, we identify the minimum relative
load under which using allocation vector k* leads to
a performance difference y that is less than 1%. We
refer to this minimum relative load as p,,;,.
Representative results are provided in Tables 1
and 2 (additional numerical results are available from
the authors upon request). The values shown in the
tables correspond to p,,;, for different combinations of
system parameters. The results are shown for a sys-
tem with 25 servers, two customer classes, number of
customers ranging from m =100 to 5,000, and fraction
of customers from each class ranging from p; = 0.1
to 0.9. Service and interarrival times are drawn from
a gamma distribution. The gamma distribution (of
which the exponential distribution is a special case)
allows us to vary the mean and variance indepen-
dently. We consider scenarios where the mean of ser-
vice times is varied from E(S;) =0.2 to 1.4 for class 1
and from E(S,) =1.6 to 2.8 for class 2 and the coeffi-
cient of variation (the ratio of the standard deviation
to the mean) of service times for both classes from
Cs, =0.2 to 2 for i =1, 2. The coefficient of variation
for interarrival times is also varied from C, =0.2 to 2.
In varying the coefficients of variation, we change the
variance but keep the mean constant. Note that in
several cases the value of p,;, shown in the tables
is 0.00. This means that a y less than 1% is obtained
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Table 1 Effect of Number of Customers, Customer Mix, and Service Time Difference on Minimum Relative
Load, pyy, (C4 =1, Cs, =Cg, =1)
P1/P2
E(S,)/E(S,) 01/09 02/08 0307 04/06 0505 06/04 07/03 0802 0.9/01
m=100
1.4/1.6 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
1.2/1.8 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.86 0.89
1.0/2.0 0.00 0.00 0.00 0.97 0.00 0.00 0.87 0.79 0.57
0.8/2.2 0.00 0.00 0.00 0.72 0.71 0.00 0.91 0.84 0.95
0.6/2.4 0.00 0.00 0.00 1.22 1.27 0.68 1.24 1.08 0.99
0.4/2.6 0.00 0.00 0.00 1.66 1.96 1.60 1.32 1.49 1.15
0.2/2.8 0.00 0.00 0.00 0.91 213 2.20 2.02 2.21 1.65
m=1,000
1.4/1.6 0.00 0.00 0.00 0.00 0.00 0.00 0.76 0.00 0.77
1.2/1.8 0.00 0.00 0.00 0.00 1.09 0.00 1.00 1.01 0.98
1.0/2.0 0.00 0.00 0.00 1.31 1.18 1.07 1.10 1.06 0.92
0.8/2.2 0.00 1.04 1.40 1.41 1.33 1.20 1.20 1.12 1.1
0.6/2.4 0.00 0.00 1.42 1.62 1.57 1.43 1.40 1.27 1.14
0.4/2.6 0.00 1.25 1.44 2.03 2.09 1.93 1.65 1.61 1.33
0.2/2.8 0.00 0.00 1.48 1.94 2.73 2.84 2.48 2.11 1.75
m=5,000
1.4/1.6 0.00 0.00 0.00 0.00 0.00 0.00 0.85 0.00 0.77
1.2/1.8 0.00 0.00 0.00 0.00 1.09 0.85 1.03 1.03 0.99
1.0/2.0 0.00 0.00 0.00 1.29 1.18 1.09 1.10 1.07 0.97
0.8/2.2 0.00 1.15 1.38 1.38 1.33 1.20 1.20 1.13 1.09
0.6/2.4 0.00 0.00 1.42 1.57 1.54 1.42 1.41 1.26 1.14
0.4/2.6 0.00 1.31 1.48 2.00 2.02 1.88 1.60 1.58 1.30
0.2/2.8 0.00 0.00 1.54 1.99 2.7 2.77 2.41 2.06 1.70

for all the values of A tested. It also means that the
value of p that corresponds to the smallest value of A
tested (A =0.1) is smaller than 0.005 and is therefore
rounded down to 0.00.

Based on these results, the following observations
can be made:

e In all the scenarios tested, the minimum relative
load does not exceed 3.0. This means that, for systems
where the arrival rate is sufficiently high so that the
relative load is at least 3, the performance difference
v is less than 1%. For many of the cases observed,
Pmin 18 significantly lower than 3.

* The value of p,;, is highest for systems where the
difference in the means of service times is the most
significant. It is also highest when the customers with
the shortest service time represent a large fraction of
the total number of customers. This is perhaps not
surprising. We expect performance to be particularly
sensitive to how servers are allocated when the cus-
tomer classes are sufficiently different and when there
are enough customers with short processing times.

* The value of p,;, is relatively invariant to the
number of customers m. This seems consistent with
our results for the rush hour setting in which the opti-
mal allocation is independent of m.

e The value of p,;,, is somewhat insensitive to
changes in the coefficients of variation in service times
and interarrival times. This may be due to the fact
that variability has a second-order effect on perfor-
mance compared with the effect of the arrival rate or
the effect of differences in the mean processing times
among the customer classes (the scenarios shown in
Table 2 are for systems where these differences are
significant).

The results in Tables 1 and 2 show that for suf-
ficiently high arrival rates, the allocation given by
k* can be quite effective. However, the results do
not provide information on how effective k* is for
lower values of arrival rates. In Figure 2, we show
representative results that illustrate how the percent-
age performance difference y varies with p (results
for other combinations of system parameters show
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Table 2 Effect of Coefficients of Variation on Minimum Relative Load, Figure 2 Percentage Performance Difference Due to Using Optimal
pmin (Cs, = Cs, = Cs, Py =P, =05, E(S;) =03, Allocation k™, Varying m
E(S,)=2.7) 70--
I - m =100
s 601 |-= m=500
- m= 1,000
c, 02 04 06 08 1 12 14 16 1.8 2 s0d |5 m=2.500
- m = 5,000
m=100 401 |- m=10,000

02 220 228 212 172 176 191 197 202 1.73 0.00
04 222 246 232 190 179 195 178 197 0.00 0.00
06 227 239 221 188 181 1.87 191 195 164 0.00
08 209 233 240 180 179 177 1.87 166 1.40 0.00
10 224 236 215 179 178 194 183 170 173 0.00
12 209 197 19 189 194 187 190 088 121 1.87
14 209 222 224 181 191 183 1.85 1.81 0.00 0.00
16 216 232 178 214 20 168 176 1.83 159 0.00
18 1.89 214 217 155 160 178 1.10 113 0.00 0.00
20 179 212 155 182 178 176 129 139 0.00 0.00

m=1,000
02 224 224 224 225 227 224 226 230 228 223
04 224 226 227 225 224 225 232 227 229 228
06 223 223 223 221 227 226 230 227 232 233
08 223 229 227 224 229 225 226 229 233 225
1.0 227 230 221 226 229 229 229 229 230 227
12 224 226 225 224 227 226 229 230 234 226
14 224 229 221 227 223 222 228 228 228 231
16 223 227 226 229 228 226 224 225 227 233
18 226 222 232 226 230 220 224 226 226 235
20 227 220 229 231 220 223 230 227 235 230

m=5,000
02 223 223 224 224 223 223 223 224 221 221
04 223 221 223 223 223 224 224 224 227 226
06 222 223 224 223 221 224 224 223 224 225
08 222 224 223 223 224 221 224 221 227 220
1.0 222 224 224 224 224 223 224 227 223 225
12 221 222 223 225 223 222 223 225 219 221
14 224 222 222 224 222 224 222 226 220 224
16 223 222 221 226 223 224 225 223 221 222
18 225 223 226 223 221 225 226 226 223 224
20 225 223 224 223 223 226 226 224 228 225

similar effects). As we can see, the allocation k* per-
forms well when p is small (less than 0.5 in the exam-
ples shown) but can perform poorly for values of p in
the middle range (from approximately 0.5 to 1 in the
examples shown). These results can be explained as
follows. When p is small, the manner in which servers
are allocated does not matter significantly because
there is excess capacity in the system and queue sizes
are always small. In contrast, when p is in the mid-
dle range, there is queueing but the system is far
from the rush regime of instantaneous arrivals. This
is particularly so when m is large, in which case
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the system behaves more like a traditional queueing
system.

In summary, the results from the simulation suggest
that the server allocation obtained for systems under
the rush hour assumption can be used effectively
in settings where customers arrive over time with
stochastic interarrival times. However, the arrival rate
has to be sufficiently high. Otherwise, this allocation
could lead to poor performance.

8. Conclusions

We presented a model for studying the partitioning
of servers during a rush hour demand regime. We set
out to answer three basic questions. (1) Is partitioning
beneficial to the system? (2) Is it equally beneficial to
all customer classes? (3) If it is implemented, what is
an optimal partition? Using the expected time in the
system as our performance criterion, we found that
partitioning can indeed be beneficial to the system
and this benefit can be significant. However, we also
found that this benefit is realized only at the expense
of one or more customer classes. In fact, we showed
that it is impossible for all customer classes to benefit
from partitioning. We showed that there is an opti-
mal way to partition servers and provided, via sim-
ple closed-form expressions, a characterization of the
optimal partitioning. We found that this partitioning
can also be useful in settings where customers arrive
over time if the effective arrival rate to each queue is
sufficiently high.
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In this paper, we used the expected time in the
system as our criterion for performance evaluation.
There may be settings where other criteria are more
appropriate. For example, the time until all customers
are cleared (the maximum completion time) is a use-
ful measure in situations where the cost of operating
the service facility depends on when the last customer
leaves. Minimizing the variance of time in the sys-
tem may be appropriate in settings where fairness in
treating the different customer classes is a concern.
Alternatively, there may be situations where multiple
criteria are applicable or there are certain service-level
requirements with respect to certain criteria that must
be guaranteed. In general, we expect different crite-
ria to lead to different server allocations. For instance,
the optimal partitioning discussed in this paper tends
to favor customers with short service times. There-
fore, there may be significant variance in the time in
the system across different customer classes. A use-
ful future research direction would be to investigate
when optimizing with respect to one criterion may be
particularly detrimental with respect to other criteria.

In this paper, we assumed that customer classes
are exogenously determined. A potential future exten-
sion of our model is to consider jointly the partition-
ing of servers among customer classes as well as the
classification of customers into classes. This would
entail jointly determining the number of customer
classes, the range of service times associated with
each customer class, and then the allocation of servers
to classes. For example, in a supermarket environ-
ment, this would mean determining whether or not to
have express lanes (i.e., dedicated lanes based on the
number of items purchased by customers), the range

of number of items to allow in each type of lane, and
the number of lanes to have of each type.
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