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e consider the problem of allocating demand that originates from multiple sources among multiple inven-
tory locations. Demand from each source arrives dynamically according to an independent Poisson pro-

cess. The cost of fulfilling each order depends on both the source of the order and its fulfillment location.
Inventory at all locations is replenished from a shared production facility with a finite production capacity and
stochastic production times. Consequently, supply lead times are load dependent and affected by congestion at
the production facility. Our objective is to determine an optimal demand allocation and optimal inventory levels
at each location so that the sum of transportation, inventory, and backorder costs is minimized. We formulate the
problem as a nonlinear optimization problem and characterize the structure of the optimal allocation policy. We
show that the optimal demand allocations are always discrete, with demand from each source always fulfilled
entirely from a single inventory location. We use this discreteness property to reformulate the problems as a
mixed-integer linear program and provide an exact solution procedure. We show that this discreteness property
extends to systems with other forms of supply processes. However, we also show that supply systems exist for
which the property does not hold. Using numerical results, we examine the impact of different parameters and
provide some managerial insights.
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1. Introduction

Global manufacturing firms are often faced with the
need to consolidate manufacturing operations in a
single low-cost location. However, to serve their cus-
tomers effectively, they must also maintain multi-
ple distribution centers from which to fulfill demand
from different markets. The size and location of
these distribution centers depend on which markets
are served from which distribution center and the
costs associated with operating a center at a partic-
ular location. An important trade-off for these firms
is one between transportation and inventory costs.
Operating few distribution centers allows a firm to
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pool inventory in few locations and therefore reduce
risk from fluctuation in demand. Operating multiple
distribution centers, on the other hand, reduces trans-
portation costs by letting each market be served by
the closest possible location. This trade-off is partic-
ularly important when transshipment between dis-
tribution centers is not feasible or not allowed and
demand in each market is highly variable.

In this paper, we consider the problem of how a
firm should allocate demand for a single product that
originates from multiple sources (markets) among
multiple inventory locations (distribution centers).
The demand from each source occurs continuously
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over time with stochastic interarrival times between
individual orders. The cost of fulfilling each order
depends on both the source of the order and its ful-
fillment location. We refer to this as a transportation
cost, although it may correspond to other origin- or
destination-sensitive costs. Each location can stock
inventory in anticipation of future demand. However,
it incurs a holding cost per unit of inventory per unit
time, which may vary by location. If an order can-
not be fulfilled immediately from inventory from its
assigned location, it is backordered, but it incurs a
backorder cost per unit of time the order is delayed.
All locations are supplied from a shared production
facility with a finite production rate and stochastic
production times. Consequently, supply lead times
from the production facility to the inventory locations
are stochastic and affected by the congestion at the
production facility. Inventory at each location is man-
aged using a base-stock policy with a stationary base-
stock level.

The objective is to determine (1) the fraction of
demand from each source to allocate to each location
and (2) the inventory level to keep at each location so
that the sum of transportation, inventory holding, and
demand backordering costs is minimized. Note that
the demand allocation and inventory control prob-
lems must be solved jointly because the choice of
optimal base-stock levels is affected by the demand
allocation, and vice versa.

The optimal solution involves balancing two trade-
offs. The first favors assigning demand from each
source to the location with the lowest transportation
cost. The second favors consolidating the fulfillment
of demand in as few locations as possible to bene-
fit from inventory pooling (by centralizing inventory in
few locations, the probability of backordering can be
reduced without increasing the investment in inven-
tory). The relative strengths of these two trade-offs
depend largely on the values of unit transportation,
and holding and backordering costs. For example, if
holding costs are negligible, large inventory amounts
can be kept in each location, and it would be optimal
to assign the demand from each source to the location
with the lowest transportation cost for that source. On
the other hand, if transportation costs are negligible,
or are the same for all locations, then the optimal allo-
cation would depend only on backorder and holding

costs (if backorder costs are the same across locations,
it would be optimal to assign all demand to the loca-
tion with the lowest holding cost). Between these two
extremes, it is not clear how demand should be allo-
cated or how much inventory should be held in each
location. For such cases, it may neither be desirable to
satisfy each demand source from the closest inventory
location nor to pool all inventory in a single location.
It is also not clear if the demand from each source
should be allocated in its entirety to a single location
or be split among multiple locations.

In addition to the above direct effects of transporta-
tion and inventory costs, an indirect effect due to
congestion at the production facility plays an equally
important role. In systems where the utilization of the
production facility is high, congestion is also high,
and supply lead times are long. Consequently, the
need for inventory at the various locations grows,
increasing the desirability for inventory pooling. In
contrast, when the utilization of the production facil-
ity is low, supply lead times are short, and there is less
need for inventory, diminishing the benefit of inven-
tory pooling and increasing the desirability of using
the closest location.

The joint demand allocation and inventory control
problem arises in a variety of settings. As mentioned
earlier, the problem is faced by most manufacturing
firms that manage multiple distribution warehouses
with demand that originates from multiple geograph-
ical locations. The problem also arises in the context
of a firm that produces multiple variants of the same
component used for different products, with some
variants serving as potential substitutes for others
(Thonemann and Brandeau 2000). Despite its preva-
lence, in these and other settings, the problem has not
been fully addressed in the literature.

There is, of course, a large body of literature deal-
ing with the related problem of joint facility location
and demand allocation (see, for example, Cornuéjols
et al. 1990, Labbé and Louveaux 1997, Sherali et al.
2002, Daskin et al. 2005). However, most of that litera-
ture focuses on transportation-related costs in systems
with deterministic demand and capacity. Shen et al.
(2003) do consider a location model with inventory
considerations. However, in their case, supply lead
times are constant, and splitting the demand that orig-
inates from the same source among multiple locations
is not allowed.
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There is a rich literature dealing with inventory
pooling (see the seminal paper by Eppen 1979 and re-
cent papers by Gerchak and He 2003 and Benjaafar
et al. 2005). This literature is primarily concerned
with quantifying the benefits of pooling, assuming
uniform or negligible transportation costs. There is
related literature dealing with component commonal-
ity and substitution. See, for example, Gerchak and
Henig (1989), Bassok et al. (1999), van Mieghem and
Rudi (2002), and Netessine et al. (2002). Many of these
papers consider a single-period problem in which
decisions about inventory levels of each component
are made prior to observing actual demand. Once the
random demand is realized, an allocation is carried
out either via a static allocation rule or by optimally
solving an assignment problem. Benjaafar et al. (2004)
treat a problem similar to ours with multiple products
and multiple production facilities. However, in their
case, demand for each product originates from a sin-
gle source. Hence, their model does not include the
trade-off from transportation costs that arises in ours.

Finally, there is related literature in queueing theory
that deals with allocating demand among multiple
servers, where the objective is to minimize a mea-
sure of customer delay or customer delay cost (a pure
queueing system can be viewed as a make-to-order
system where no inventory is held in anticipation of
future demand). Examples from this literature include
Bell and Stidham (1983), Tang and van Vliet (1994),
Liu and Righter (1998), Benjaafar and Gupta (1999),
and references therein. Several important cases are
also discussed in Buzacott and Shanthikumar (1993).
A closely related problem is the load-sharing problem
that arises in the design of distributed computer sys-
tems. The literature on this topic is extensive, and
examples include Wang and Morris (1985), Ni and
Hwang (1985), and Bonomi and Kumar (1990). In §6.4,
we comment more on the structure of optimal alloca-
tions that arise in these queueing settings.

To our knowledge, our paper is the first to con-
sider the problem of joint demand allocation and
inventory control in a system with continuous time,
multiple demand sources, multiple inventory loca-
tions, and a capacitated production system. First, we
consider systems with Poisson demand and expo-
nentially distributed production times. We provide a
model and exact solution procedure for determining

the optimal demand allocations and optimal base-
stock levels. We characterize the structure of the opti-
mal allocation and show, perhaps surprisingly, that
the optimal demand allocations are always discrete,
so that it is always optimal to satisfy the entire
demand from each source from a single inventory
location. We extend our analysis to systems with other
forms of supply processes and show that this dis-
creteness property continues to hold in several cases.
However, we also show that the discreteness prop-
erty does not always hold. Indeed, systems with sup-
ply processes exist for which splitting demand can
be desirable. Using numerical examples, we highlight
the impact of various cost parameters on the optimal
allocation and draw some insights.

The rest of this paper is organized as follows. In §2,
we formulate the problem. In §3, we characterize the
structure of the optimal allocation and use this struc-
ture to develop an exact solution procedure. In §4,
we provide some insights from numerical results. In
§85, 6, and 7, we extend the analysis to systems with
fixed location costs, alternative supply processes, and
general demand distributions, respectively. In §8, we
offer a summary and concluding comments.

2. Model Formulation

We consider a system consisting of a single product,
m inventory locations, n sources of demand, and a
single production facility. Product demand from each
source i (i=1,...,n) occurs continuously over time
according to a Poisson process with rate A;. There is
a cost ¢; of fulfilling an order of source i from loca-
tion j (j=1,...,m). This cost captures both the unit
transportation cost from source i to location j and
from the production facility to location j. Each loca-
tion may hold inventory in anticipation of demand.
However, there is a holding cost /; per unit of inven-
tory held in location j per unit time. If demand cannot
be immediately satisfied from inventory, it is back-
ordered, but there is a backorder cost b/ per unit
backordered per unit time. Both unit holding and
backorder costs may vary from location to location,
so that, in general, we may have h; # h; and b; # b;
for i # j. Inventory at each location is replenished
from a single production facility shared among the
different inventory locations. Orders from the differ-
ent locations are processed at the production facility—
which does not hold any inventory of its own—on a
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first-come, first-served (FCFS) basis. Inventory at each
location is managed using a base-stock policy with
base-stock level s; at location j. This means that the
arrival of an order at a location triggers the place-
ment of a replenishment order with the production
facility. Production times at the facility are exponen-
tially distributed with mean 1/u, where, for stability,
we assume Y ., A; < u. Hence, the production system
behaves like an M/M/1 queue (alternative models for
the supply process are discussed in §6).

We consider two types of decisions: (1) the fraction
a;; of demand from source i assigned to location j,
where 0 < @; <1, and (2) the base-stock level s; at
each location j. The fraction @; can also be viewed
as the probability that an order from source i is
satisfied from location j. In practice, a truly proba-
bilistic demand allocation is unlikely. However, it is
useful in approximating the behavior of a central dis-
patcher that attempts to adhere to specified allocation
ratios, or in modeling settings where demand from
each source arises from a sufficiently large number of
customers. For example, a distribution center may be
responsible for fulfilling demand from a large num-
ber of retailers. In that case, the variable a; would
correspond to the fraction of customers (e.g., retailers)
from source i that is always satisfied from location j
(as it turns out, a fractional allocation is never opti-
mal, and the optimal allocations are always discrete;
see §3).

Some assumptions are worth highlighting. First, we
assume (unless stated otherwise) that orders are pro-
cessed at the production facility on an FCFS basis.
This is motivated by the widespread use of the FCFS
policy in practice, its ease of implementation, per-
ceived fairness, and analytical tractability. Character-
izing an optimal policy for a system with multiple
inventory-stocking locations and varying cost param-
eters is a difficult problem that remains unresolved;
see de Véricourt et al. (2000) for results and references.
The problem could be formulated as a Markov deci-
sion process (MDP) and solved numerically. However,
such an approach is practically feasible only for small
systems (e.g., with two locations) and for relatively
low utilization levels at the production facility. Nev-
ertheless, evidence shows that the difference in cost
between the FCFS and an optimal policy diminishes
as utilization increases, with this difference becoming
negligible when utilization is high (see Zheng and

Zipkin 1990, Zipkin 1995, van Houtum et al. 1997).
Assigning static priorities among the different loca-
tions could provide an alternative to the FCFS policy.
However, given the asymmetry in transportation, and
backorder and holding costs, it is not clear how static
priorities could be constructed. Furthermore, static
priorities are analytically difficult to evaluate and can
sometimes be less efficient than the FCFS policy; see
de Véricourt et al. (2000) and Veatch and Wein (1996).

Second, we assume that transshipment of inventory
from one location to another is not allowed. Therefore,
our model applies only to settings where transship-
ments between inventory locations are prohibitively
expensive or not feasible. This is not uncommon in
practice. Consider, for example, a production facility
that is centrally located (say in Hong Kong) but that
supplies distribution centers in locations relatively
distant from each other (e.g., Taipei, Tokyo, Beijing,
and Bangkok). In this case, it may be cheaper to
place orders directly with the production facility than
to request a transshipment from another inventory
location. Many firms also do not have the logistics
to handle transshipments, which require a sophisti-
cated information system and responsive transporta-
tion infrastructure. In terms of analysis, including
transshipment adds considerable complexity. In fact,
to our knowledge, the structure of the optimal pol-
icy in a setting like ours with transshipments is not
known. We should note that not including transship-
ment in making initial demand allocations is con-
sistent with standard models from location theory,
including those that have attempted to account for the
impact of inventory (see, for example, Shen et al. 2003).

Finally, we assume that a base-stock policy is used
to manage inventory at each location. A base-stock
policy is appropriate when ordering costs are not sig-
nificant or when frequent deliveries are made from
the production facility to the inventory locations, an
increasingly common practice.

Our objective is to identify an allocation matrix
o = [a}] and a base-stock-level vector s* = (s7, ..., 5,)
that minimize the long-run expected total cost over
all locations. Given an allocation matrix e and a
base-stock-level vector s, expected total cost can be
expressed as

z(a, s) =Z[hjE(Ij) +b]»E(Bj)+Za,.jcij/\,z|, (1)

j=1 i=1
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where [; and B; are random variables that denote
inventory and backorder levels, respectively, at loca-
tion j (note that both I; and B; depend on the choice
of a and s). We refer to the above problem as the
demand-allocation problem with distributed inven-
tory (DAP-D).

Given an allocation matrix a and a base-stock vec-
tor s, expected inventory and backorder level can be
obtained as follows (see, for example, Buzacott and
Shanthikumar 1993, pp. 133-134):

Elll =5~ (1=r))r/0=r), and ()
E[Bl=r""/(1-1), @3)

where
— A A A+ A, 4
= (- D ) < as k), 0

with 5\1 = Y_i_; @;A; corresponding to the overall de-
mand rate assigned to location j and A =", A; cor-
responding to the aggregated demand flow from all
sources. The joint demand allocation and inventory
control problem can now be formulated as follows.

=§{hf[5i— (1ijrj)(1_7;j)}

sj+l

DAP-D

minimize z(e,s)

)+Z%qz}<a

subject to Za,-jzl, i=1,...,n (6)
=1
al]ZO i=1,...,n;,j=1,2,...,m; (7)
s;: integer, j=1,...,m. (8)

Given an allocation matrix e, z(«, s) can be shown
to be jointly convex in the s;’s. Noting that z is also
separable in the s;’s, the optimal base-stock level s
at each inventory location j can be obtained as the
smallest integer that satisfies the constraint

Z((X,S+ej)_z(a/ S)ZO/ (9)
where e; is the jth unit vector of dimension m. This

]
i=|wer ) ®

leads to

where the notation [x]| refers to the largest integer
that is smaller than or equal to x and w; = h;/(h; +)).
To simplify the analysis, we relax the integrality on s
and let s; = In[w;]/In[r;]. The amount of error intro-
duced by this relaxation is relatively small, especially
when s7 is large. The approximation is asymptotically
exact when r; — 1 or, equivalently, when p — 1 where
p = A/u refers to the utilization of the production
facility (see Appendix 1 for further supporting argu-
ments). Note that relaxing the integrality of the base-
stock level is in line with standard treatments in the
inventory literature (Zipkin 2000) and in the analy-
sis of make-to-stock queues (Buzacott and Shantikumar
1993, Wein 1992, Zipkin 1995).

Substituting s in the objective function, we can
rewrite the optimal cost for a given allocation matrix
a as follows

Z(a) = Z{h]sj* + Zcijaij)\i}
i=1

j=1

Z{ ’ln[

j=1

Zc,] Ay

Hence, the DAP-D can be reduced to a problem of
finding the optimal allocation matrix a*. Unfortu-
nately, the total cost function in (11) is not jointly
convex in the decision variables «;;. This makes the
DAP-D difficult to solve directly. In the next section,
however, we show that the optimal allocation has a
particular structure of which we can take advantage
to construct an effective solution procedure. Specifi-
cally, we prove that the optimal allocations are always
discrete, with the optimal values for the variables «;
always being zero or one. We will show that this dis-
creteness property can be used to transform the prob-
lem into a mixed-integer linear program that can be
solved effectively.

3. The Structure of the Optimal

Allocation
Let f]-(a) refer to the inventory cost contribution
(sum of holding and backordering costs) due to loca-
tion j (j=1,2,...,m) given an allocation matrix «
and an optimal base-stock vector s* for that alloca-
tion. From (11), we have f;(a) = h;In[w;]/In[r], from
which we can see that f;(a) depends on the allocation

variables only via the sum /A\]v =i, @;A;, the overall
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demand rate assigned to location j. In other words,
if the demand rate 5\1 is the same under two differ-
ent allocations @ and ', then we have f;(a) = f;(«).
In the remainder of this section, we highlight this by
referring to the function f;(a) simply as f](/A\ i)

THEOREM 1. The inventory cost function, fj(}\j), at
each location j is strictly concave in A j- Therefore, the opti-
mal demand allocations are always discrete with, aj; =0
or 1 for all values of i and j.

Proor. It is straightforward to show that the func-
tion f; is strictly concave by showing that the second
derivative is negative. The proof that this leads to
discrete allocations is as follows. Suppose a demand
source k exists whose demand is split among a sub-
set S of locations. Then, it is always possible to find a
lower cost allocation that assigns all of the demand
from that source to only one of the locations in the
set S. More specifically, let u and w be two locations
in the set S such that 0 < o, <1 and 0 < o, < 1. Let
A, =Y and AL =30 a;,A; where A and A
represent the demand assigned to locations u and w,
respectively, from sources other than source k, and
Ay = Qpu A, + A, A denote the demand from source k
that is split between locations u and w, and let 8 be
the fraction of A, assigned to location u. The contri-
bution to total cost from locations 1 and w, which we
denote by z,,(8), can then be written as

Zuw(B) = fu(/\; + :BAuw) + fw(/\;} + (1 - B))\uw)

+ 2 (@€ iy Cing ) A+ (BCiy + (1= B) ) A -
ik

We can see that z,,,(8) is strictly concave in 8. There-
fore, z,,(B) is minimum when 8 =0 or B =1 (the
minimum of a strictly concave function occurs at an
extreme point). This means that assigning the demand
from source k split between the pair of locations # and
w to either one of the two locations always reduces
the cost contribution from u# and w and, therefore,
the total cost (note that the reallocation of demand
between u and w does not affect the cost contribution
from other locations). Starting from this new reallo-
cation, we can apply a similar logic to any remain-
ing pair of locations in S with fractional allocations
of demand from source k to show that consolidating
demand in one of the two locations is always opti-
mal. Successive application of this procedure to all

pairs of locations and to all demand sources yields
an allocation in which the entire demand from each
source is assigned to a single location. Hence, given a
nondiscrete allocation of demand among locations, it
is always possible to a find a discrete allocation with a
lower cost. Consequently, the optimal allocation must
be discrete. O

Theorem 1 is a general result that provides a suffi-
cient condition (strict concavity of the inventory cost
function) for the optimal allocation to be guaranteed
to be discrete. The condition applies to any inven-
tory system, with a properly redefined function f;,
regardless of its supply process; see §6 for examples.
Note that although strict concavity of f; guarantees
the optimal allocation to be discrete, simple concav-
ity is sufficient for the existence of a discrete optimal
allocation.

In §6, we show that the discreteness property of
the optimal allocation indeed holds in several addi-
tional settings. However, we also show that it is not
always true and that systems with supply processes
exist for which demand splitting can be desirable.
The discreteness property can be used to transform
the problem into an integer optimization problem.
In Appendix 2, we describe such a reformulation
and show how the reformulated problem can be
solved effectively via a linearization procedure and
a constraints generation algorithm. We also provide
numerical results (see Table 3) that illustrate the com-
putational effectiveness of the solution procedure.

4. Some Insights from Numerical

Examples

Theorem 1 states that it is never optimal to split the
demand from any source among multiple locations.
This is perhaps surprising because the objective func-
tion contains costs with potentially counteracting
effects. For example, facilities with the lowest trans-
portation costs can be different from those with the
lowest holding or backorder costs. Although the allo-
cations are always discrete, we have found that they
can be far from obvious. As we show in the following
observation, it can be optimal not to assign demand
to a location even when that location offers the lowest
transportation, and holding and backorder costs.

OBsERVATION 1. It can be optimal to assign the de-
mand from a source to a location with the highest
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transportation, and inventory holding and backorder
costs.

Observation 1 can be proven using the following
example. Consider a system with three demand
sources and two inventory locations with the follow-
ing operating parameters: c;; = 0.1, ¢, = +o0, ¢y =
0.01, ¢y, =0.015, ¢3; = +o0, ¢3, =0.1, by =1.0, h, =1.05,
b, =b,=10, A; =1, A, =10, and n = 30. First, it is easy
to verify that demand from source 1 would always
be allocated to location 1, and demand from source 3
would always be allocated to location 2. For source 2,
one might expect that it would be optimal to allocate
its demand to location 1 since location 1 has at the
same time lower transportation, holding, and backo-
rder costs. However, depending on the value of Aj;, it
turns out that it can be optimal to assign the demand
to either location 1 or 2. In particular, if A; is in the
range [2.3, 14.9], then it is optimal to allocate demand
from source 2 to location 2; otherwise, it is optimal to
allocate it to location 1.

The above example illustrates the subtle impact of
inventory pooling and its sensitivity to the amount
of demand at each facility. It is interesting to note
that the effect of demand rate at each source on the
optimal allocation is not monotonic. In the above
example, when A; is small, it is optimal to allocate
demand from source 2 to location 1; when A; is in
the midrange it is optimal to allocate this demand to
location 2; and when demand is sufficiently high, it
is once again optimal to assign it to location 1. This
behavior is in part due to the fact that the benefit of
inventory pooling can exhibit diminishing returns as
demand increases and appears to remain bounded.

OBsERVATION 2. The marginal benefit from inven-
tory pooling can diminish with increases in the de-
mand at one or more of the sources being pooled.
Moreover, the absolute benefit from pooling tends to
remain bounded with increases in the demand rates
of these sources.

To illustrate the above observation, consider a sys-
tem with two demand sources with rates A; and A,
and two locations, 1 and 2. For simplicity, let all cost
parameters be identical at the two locations. Let A
refer to the difference between the optimal cost when
the demand from each source is satisfied from a sep-
arate location (source 1 from location 1 and source 2
from location 2) and the optimal cost when both

Figure 1 The Impact of Demand Rates on the Benefit of Inventory
Pooling
osh A =50 X,=40 A,=30
<
g
§ 0.4
&
s}
8
O 03
0.2

1 5 9 1317 21 25 29 33 37 41 45 49 53 57 61 65 69 73 77
Demand rate for source 1, A,

demand sources are satisfied from a single location.
The value of A is shown in Figure 1 for different
values of A; and A,. We can see that the marginal
increase in A tends to decrease (although not always)
as A, increases for fixed A,. More significantly, as
shown below, A remains bounded as A, increases and
approaches its maximum feasible value of u — A,:
lim A= lim )hln[h/(h—l—b)]

A= (n—Az) A= (r—2Ay

1 1
' {mm +A)/u] A/ (w—Ay)]

1
/(= A } 12

which, upon application of 1'Hopital’s rule, leads to

lim A=hln[h/(h+D)]/2. (13)
M= (p—4p)

In addition to being affected by the individual de-
mand rates, the benefit of pooling is also sensitive to
the expected production time, and, more generally, to
the utilization of the production facility. We observe
that the benefit of pooling tends to increase as uti-
lization increases. This makes intuitive sense because
higher utilization leads to more congestion at the pro-
duction facility and longer, more variable supply lead
times at the inventory locations. Consequently, as uti-
lization increases, consolidating demand in few loca-
tions becomes more desirable. This means that the
number of locations with positive demand allocation
also tends to decrease.

OBsERVATION 3. The number of locations with pos-
itive demand allocation, or open locations, generally
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Figure 2 The Impact of Production Facility Utilization on the Number of Open Locations
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transportation costs ¢; = \/|/ — j|/504-0.1 for all / and /.

decreases with increases in the utilization of the pro-
duction facility.

Observation 3 is illustrated in Figure 2 for an exam-
ple system in which the utilization of the production
facility is varied by changing the expected produc-
tion time. As we can see, the utilization level can
have a significant impact on how many locations are
used. Interestingly, beyond a certain level, increases
in utilization seem to have no effect on the number of
open locations. This appears to be because the benefit
of pooling remains bounded as utilization increases.
Note that in our analysis, although we ignore the inte-
grality of the base-stock levels, we expect the results
to remain qualitatively the same when the integral-
ity is enforced. When utilization is low, the dominant
effect is that of transportation costs (because inven-
tory levels are low). Therefore, demand would be
allocated to the closest location, leading to a large
number of locations being open. On the other hand,
when utilization is high, the dominant effect is that
of inventory costs. Therefore, it becomes desirable to
consolidate demand in fewer locations.

Other factors that tend to affect the benefit of pool-
ing include holding and backorder costs. This is illus-
trated for an example system in Figure 3, in which the
number of open locations decreases with increases in
holding cost.

The results shown in Figures 2 and 3 illustrate how
the solution obtained from the DAP-D can be signif-
icantly different from a solution obtained using only
transportation costs. They also highlight the complex
interactions between transportation and inventory
costs and production capacity and their effect on the
optimal demand allocations. This leads to our final
and most important observation.

OBSERVATION 4. The solution obtained from the
DAP-D, and the corresponding optimal cost, can be

Figure 3 The Impact of Unit Holding Cost on the Number of Open
Locations
18 100
16+ 190
2
S 141 180
s {70
g 60 g
g 10f =
5 50 &
« 8 =
E 140 8
é o1 130
2 B I - Number of open locations 120
2+ | —*— Optimal cost 10
0 I I I I I I I I 0
1 2 3 4 5 6 7 8 9

Holding cost, i
Notes. Fifty demand sources each with demand rate A = 10; u = 800. Fifty

potential inventory locations, and transportation costs ¢; = |/ — j|/50 + 0.1
forall i and j.
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significantly different from those obtained using mod-
els that account for transportation costs but not for
production capacity or inventory-related costs.

5. Systems with Fixed Location Costs
We have assumed that no fixed cost exists for hav-
ing an inventory location. This is appropriate when
the locations already exist and there is only an oper-
ational decision about demand allocation. However,
in settings where we must decide about whether to
invest in each location, there is generally a fixed cost
K; associated with assigning demand to a particular
location j. To include such costs in the DAP-D for-
mulation, we need to introduce a new decision vari-
able Y which takes the value of one if location j is
assigned positive demand and the value of zero oth-
erwise. Then, the original demand allocation problem
can be reformulated as follows:

m
minimize z(e,s) =) Ky,
j=1

b -( o)

si+1

+ b],(l”j_ r/-) N ;cﬁaﬁ)\i} (14)
subject to ialj:l, i=1,...,n; (15)
j=1
a; —Y; <0,
i=1,...,n;,j=1,...,m; (16)
a; >0, i=1,...,n;j=1,...,m; (17)
sj:integer, j=1,...,m; (18)
y;e{0,1}, j=1,...,m. (19)

The above problem generalizes the classical uncapac-
itated location problem in which only transportation
costs are considered (our problem reduces to a pure
location problem when either # =0, b =0, or p =0).
An analysis similar to the one in §3 can be used to
show that the optimal demand allocations remain dis-
crete. Hence, the problem can be solved as an inte-
ger optimization problem. The procedure described in
Appendix 2 applies to this case as well and leads to an

efficient solution approach. Numerical results are pro-
vided in Table 4. Note that, qualitatively, the presence
of fixed location costs tends to further favor pooling.
Consequently, the optimal number of locations would
tend to decrease with increases in the fixed location
costs.

6. Extensions to Systems with Other
Supply Processes

In this section, we extend the analysis to systems with
alternative supply processes. We present models for
each case and examine the extent to which, either
exactly or approximately, the discrete allocation prop-
erty continues to hold. We focus on the original prob-
lem without fixed location costs. However, all the
results remain valid for problems with fixed location
costs.

6.1. Systems with General Production Time
Distributions

In some settings, it may be difficult to justify using the
exponential distribution to describe production times.
In those cases, a more appropriate model would allow
production times to have a general distribution. This
means that the production system would behave like
an M/G/1 queue instead of an M/M/1 queue. Unfor-
tunately, characterizing analytically the distribution of
queue size in an M/G/1 queue—necessary for obtain-
ing closed-form expressions for expected inventory
and backorder levels—is difficult. A commonly used
alternative is to approximate the distribution of queue
size by a geometric distribution with a matching first
moment (see, for example, Buzacott and Shantikumar
1993 and Tijms 1995 for supporting arguments and
discussion). This leads to the following approximate
expressions for expected inventory and backorder
levels:

A

E[L]] =s; - B( )

)(1—??), and  (20)

o\1-7
fs/-+1
p (7
E[B.]=— P 21
m1=2 () e

where 7, = L0/[n — o (A = )], o = (E(Q) — p)/E(Q),
and E(Q) =[AE[S?]/2(1—p)]+ p, with E(Q) represent-
ing the exact expected queue size (number of items
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in queue + in service) in an M/G/1 queue and S a
random variable that denotes production time.

Given an allocation matrix o, the optimal base-
stock level at each inventory location j is given by
s; = In[h;o /(p(h; + ;))]/In[7;], which, upon substitu-
tion into the objective function, leads to

" (. In[oh;/p(h;+b)] &
z(a):Z{hj ]ln[fj]] / +Zcijai/-)\i}. (22)

j=1 i=1

The inventory cost contribution (sum of holding and
backordering costs) due to location j is given by

In[oh;/p(h;+b))]
In[Ajo/[n— oA —A)]]

fi(y) = (23)
which can be verified to be strictly concave. Conse-
quently, the optimal demand allocations are discrete
with af; =0 or 1 for all values of i and j. The pro-
cedure described in Appendix 2 can be adapted to
reformulate and solve the problem as an MILP.

As we can see from Equation (23), inventory costs
are increasing, via the parameter o, in the variabil-
ity of production times. As variability increases, both
the mean and variance of supply lead times increase.
Consequently, the benefit of inventory pooling tends
to increase as variability increases.

6.2. Systems with Exogenous and Sequential
Supply Lead Times

Instead of explicitly modeling the supply process via
a shared production facility with supply lead times
that are load dependent, it is sometimes appropriate
to model replenishment lead times as being exoge-
nous. For example, this may be the case when the pro-
duction facility and the inventory locations are owned
by independent firms, and the load contributed by
a particular location is insignificant relative to the
total load of the facility. It may also be appropriate
when orders are almost instantaneously fulfilled by
the production facility (because of either ample capac-
ity or inventory), but transportation lead times from
the production facility to the inventory locations are
significant. Additional discussion of exogenous and
sequential supply lead times can be found in Zipkin
(2000, pp. 273-279).

Let L; be a random variable that denotes the exoge-
nous and sequential supply lead times at location j

(j=1,2,...,m). To obtain expressions for expected
inventory and backorder levels, we need to character-
ize the distribution of Q;, which now has the interpre-
tation of inventory-on-order at location j (i.e., the total
number of orders that have been placed by location j,
but that have not yet been delivered). Unfortunately,
obtaining a closed-form expression for the distribu-
tion of Q; is difficult in general. However, for the
special case where L; has the exponential distribution
with mean 1/u;, we can show that Q; has the geo-
metric distribution with parameters p; = 5\]» /(i + 5\].).
For a given allocation matrix a and base-stock vec-
tor s, expected inventory and backorder levels are
then given by

E[I]=s— (1- p?)pj/(l -p;), and (24)
E[Bl=p]"/(1—p)). (25)

A development similar to the one described in §§2
and 3 can be used to formulate and solve the demand
allocation problem. The cost contribution due to loca-
tion j can be shown to be given by

hiInfw]

) = R = inl, + A

(26)

which is strictly concave in A j- Consequently, the opti-
mal demand allocation remains discrete with aj; =0
or 1.

For supply lead times with a general distribution, it
is difficult to obtain an explicit characterization of Q;.
However, we can take advantage of the following
relationship between the z-transform of Q,, ng, and
the Laplace transform of the supply lead time L;, f;.
(see Chapter 7 of Zipkin 2000):

8o, = f, [A,(1-2)], (27)

from which we can derive the mean and variance of
Q; as E(Q;)=E(L;)A;=A;/u; and Var(Q;) =Var(L;)A? +
E(L]-)X]-=;\]2-//.L]2»+5\]-//.L]—, respectively, where E(L;) and
Var(L;) are the mean and variance of L; and u;=
1/E[L;], respectively.

If we approximate the distribution of Q; by a nor-
mal distribution with matching mean E(Q;) and vari-
ance Var(Q;) (see Chapters 6 and 7 of Zipkin 2000 for
an extensive discussion of the appropriateness of the
normal approximation for this and for other inventory
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contexts), then expected total cost for a given alloca-
tion matrix o and base-stock vector s is given by

m

2 5) = z{hjzs[(s,- —Q)"]

j=1

+b,E[(Q; —s)" 1+ ; i, } (28)

Using the first-order condition of optimality, we can
show that the optimal base-stock level at each loca-
tion j is given by s; = E[Q;] + zjv Var(Q;), where z;
satisfies ®(z7) = b;/(b; + h;) and ® is the cumulative
density function of the standard normal distribution.
Substituting s; into the objective function, we can
obtain

m

2(a) = 2| 0+ ) Var(@)0(2) + Ly | @9

j=1

from which we can in turn obtain fj(;\j) =(h;+b)-
v Var(Q;)¢(z;), where ¢ is the probability density
function of the standard normal distribution. We can
easily check that \/Yar(Qj) = \/Var(L]-)XJZ. +E(L/)5\j is
strictly concave in A and, therefore, so is f] Thus,
the optimal demand allocation remains discrete in this
case as well.

6.3. Systems with Independent and Identically
Distributed Supply Lead Times

In this section, we consider another commonly used
model of the supply process, one in which supply
lead times are exogenous, but independent and
identically distributed (i.i.d.). The main difference
between this model and the one in §6.2 is that here
orders are not necessarily delivered in the sequence in
which they have been placed (i.e., the FCFS assump-
tion no longer holds in this case). Instead, the supply
lead times are independent.

In systems in which demand occurs according to a
Poisson process, it can be shown that the inventory
on order at each location Q]-, j=1,...,m, also has
the Poisson distribution. In particular, if the expected
value of supply lead times is 1/u, then Q; alsoA has
the Poisson distribution with expected value A;/u.
Because it is difficult to obtain closed-form expres-
sions for performance measures of interest, it is not

uncommon to approximate the distribution of Q;
by a normal distribution with matching mean and
variance. This approximation is particularly effective
when /A\j is large. Under the normal approximation,
an analysis similar to the one described in §6.2 leads
to the following expression for f](/A\/)

fi(A)) = (h; +1b)),/Var(Q)¢(z})
= (h;+b)y/ A /o (2)). (30)

It can once again be shown that f](ftj) is strictly con-
cave in A;. Hence, the optimal demand allocations are
discrete.

6.4. Systems with Independent Capacitated
Production Facilities

The results of §§6.1-6.3 could lead us to believe that
the discreteness of the optimal allocation holds uni-
versally. In this section, we show that this is not true,
and that in some settings a fractional allocation of the
demand from the same source among multiple loca-
tions can be optimal. Consider a system identical to
the one in §2, except that instead of a single produc-
tion facility shared among the different locations, each
location has its own independent production facility
from which the inventory for that location is exclu-
sively replenished. Furthermore, production times at
each facility are exponentially distributed with mean
1/u; for facility j. Hence, each facility behaves like
an M/M/1 queue with arrival rate Xj, and expected
inventory and backorder levels at each location are
given by

E()=s;—(1-p/)p;/(1=p;), and  (31)
EB)=p]"/(1-p)), (32)

where p; = /A\j /m;j corresponds to the utilization of the
production facility at location j. The optimal base-
stock level at location j is given by s; =In[w;]/In[p;],
which, upon substitution into the objective function,
leads to

" Infw] 2
z(a) = g{hj ln[p]]-] + gcijaiin}. (33)

The inventory cost contribution due to location j is
given by f;(A;) = h;(In[w;]/In[A;/p;]), which, upon



Benjaafar et al.: Demand Allocation in Systems with Multiple Inventory Locations and Mutiple Demand Sources

54 Manufacturing & Service Operations Management 10(1), pp. 43-60, © 2008 INFORMS
Figure 4  Optimal Allocation from Source 1 to Location 1 queue. Two difficulties, however, arise: (1) the super-
12 position of renewal processes does not necessarily
produce a renewal process, and therefore, the arrival

101 . s
5 process to the production facility may not be a re-
£ 08 newal process; and (2) there are no known exact
g \ expressions for expected queue size in a GI/G/1
= o1 queue. The first difficulty may be handled by approx-
g 0af imating superposed renewal processes by a renewal
52 wal process whose coefficient of variation is obtained via
' a two-moment approximation; see, for example, Albin
0 ; : : s s s (1984) and Whitt (1982). The second difficulty can be

5 15 25 35 45 55 65

Demand rate of source 1, 7\1

Note. Two locations and two demand resources; h; = h, =1, b; = b, =10,
g =y =50, €1y = Cyp = Cp = 0.1, €y = 00, A, =20.

examination, can be easily seen not to be concave
in /A\j, but convex instead. Consequently, the optimal
demand allocations are not guaranteed to be discrete.
In fact, it is not difficult to construct examples where
a fractional allocation is optimal. This makes intuitive
sense because expected queue size (and, consequently,
expected supply lead time) at each facility increases
in a convex fashion with increases in the workload
of each facility. There is a need to balance the work-
load among the different production facilities, which
in turn could make demand splitting desirable. This
result is illustrated in Figure 4, where we show how
the optimal allocation to location 1 in a system with
two locations and two demand sources is affected by
the demand rate from source 1. The special case in
which inventory cannot be held (e.g., i = c0) and no
transportation costs exist has been studied by Bell and
Stidham (1983), who provide closed-form expressions
for the optimal allocations. In this case, it is gener-
ally optimal to split demand among multiple facilities
(e.g., in the case of identical facilities, it is optimal to
evenly split demand among all facilities).

7. Extensions to Systems with General

Demand Processes
The approximation approach used in §6.1 to model
systems with general production time distributions
can in principle be used to model systems in which
the demands also have general distributions but still
form independent renewal processes. This would
allow us to model the production facility as a GI/G/1

addressed by using one of the many reasonably good
approximations of expected queue size in a GI/G/1
queue; see, for example, Wolff (1989), Whitt (1983,
1993), and Buzacott and Shanthikumar (1993). Alter-
natively, we may focus on regimes in which explicit
results are available. One such regime is heavy traffic.
In particular, it is known that as the number of class j
customers (orders due to the inventory location j in
our case) in a multiclass GI/G/1 queue j weakly
converges to a reflected Brownian motion with drift
ij‘l(l — p) and variance (Peterson 1991):

Aip 2 SNEISF(C +Ch), (34)

j=1

where @/_ is the coefficients of variation in interarrival
times to inventory location j. Let C, refer to the coef-
ficients of variation in order interarrival times to the
production facility and C, to coefficient of variation
of interarrival times to demand source i, respectively.
Then, using the approximation (Whitt 1982):
m X
G=YxC (35)

4 i
j=1

leads to
YA(C+C)=MC+ =2 A (C2+CD). (30)
j=1 i=1

For a given demand allocation matrix, e, it can then
be shown that the optimal base-stock level at loca-
tion j is given by (see Wein 1992 for details):

o Ayl )/ B A(C2+CY)
: 2u(n—2)

, (37)
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which, upon substitution in the objective function,
leads to

o O A I 4b) /1] Y A(C2 4 CR) }
a8 = g{ 2u(p—A)

i=1 j=1

We can now see that the inventory cost contribution
due to location j is given by

Ay In[(h; +b) /B 51 A(CE + CY)
2pu(p —A) ’

which is linear in Xj. Hence, the discreteness of the
optimal demand allocations (under the above approx-
imations) continues to hold.

Note that inventory cost is an increasing function
of variability, via the parameters C, in the demand
process at each source i, i = 1,...,n. Hence, the
benefit from inventory pooling tends to increase as
demand variability increases. In turn, this can lead to
fewer inventory locations being opened as variability
increases.

fid) =

(39)

8. Conclusions

In this paper, we have considered the problem of
jointly allocating demand and determining optimal
inventory levels in a system consisting of multiple
inventory locations, multiple sources of demand, and
a capacitated production process. For systems with
Poisson demand and exponentially distributed pro-
duction times, we formulated the problem as a
nonlinear optimization problem and showed that the
optimal demand allocations are always discrete, with
demand from each source always fulfilled entirely
from a single location. We found that the discrete-
ness property would hold, regardless of the type of
supply process, if the optimal inventory cost at each
location is concave in the demand that is allocated
to that location. We used this discreteness property
to reformulate the problems as a mixed-integer linear
program, and provided an exact solution procedure.
We showed that the discreteness property extends
to several other supply systems. However, we also
showed that supply systems exist for which the con-
cavity property, and the resulting discreteness, does

not hold. Using numerical results, we examined the
impact of various parameters.

There are several potential avenues for future re-
search. It would be of interest to extend the analysis
to systems with fixed ordering costs at the inventory
locations or fixed setup costs/setup times at the pro-
duction facility. In the case of fixed ordering costs, it
would become desirable to place orders in batches.
This means that more inventory would be held, mak-
ing inventory pooling more attractive. Similarly, in
the case of fixed setup costs/setup times at the pro-
duction facility, it would become desirable to produce
in batches, making production lead times longer and
increasing the need for more inventory. In turn, this
would make inventory pooling more useful. In short,
the potential of economies of scale either in order-
ing or production is likely to strengthen the pool-
ing effect, leading to fewer inventory locations and
less likelihood of demand splitting. Another impor-
tant future research avenue might be to consider
systems in which backorder costs vary by both loca-
tion and demand source, which would require that
orders from different demand streams be treated dif-
ferently. In particular, it could become optimal to
ration inventory among the different demand classes
by, for example, reserving inventory for future orders
from classes with high backorder costs when inven-
tory drops below certain thresholds. Finally, it would
be of interest to relax some of our modeling assump-
tions by allowing orders to vary in size, to be cor-
related across locations, or not to be stationary over
time. It would also be useful to develop solution pro-
cedures that directly treat inventory decision variables
as discrete by taking advantage of possible prob-
lem structure such as convexity (see Murota 2003
for advances in discrete convex optimization) or by
exploring potential linearization of the objective func-
tion and using standard approaches for linear mixed-
integer programming.

Acknowledgments

The research of the first author was in part carried out while
he was on sabbatical leave at Hong Kong University of Sci-
ence and Technology. The first author is grateful to Chung-
Yee Lee for his hospitality and support. The authors are also
grateful to Rachel Zhang, to the senior editor, and to the
referees for useful comments on an earlier version of the

paper.



Benjaafar et al.: Demand Allocation in Systems with Multiple Inventory Locations and Mutiple Demand Sources

56

Manufacturing & Service Operations Management 10(1), pp. 43-60, © 2008 INFORMS

Table 1 The Error in Inventory Cost due to Ignoring the Integrality of the Base-Stock Level for an Inventory Location j with Parameters
r;, h;=10, b; =40
(57— LsjD/s; (F(s7) —£(Lsj D)/f(s7)
h s;] s; s; —Lsj] (%) f(Ls;]) f(s;) f(s;) —1f(1s;]) (%)
0.1 0 0.70 0.70 NA 4.44 6.99 2.55 57.27
0.2 1 1.00 0.00 0.00 10.00 10.00 0.00 0.00
0.3 1 1.34 0.34 33.68 12.14 13.37 1.22 10.09
0.4 1 1.76 0.76 75.65 16.67 17.56 0.90 5.39
0.5 2 2.32 0.32 16.10 22.50 23.22 0.72 3.20
0.6 3 3.15 0.15 5.02 31.20 31.51 0.31 0.98
0.7 4 4.51 0.51 12.81 44.68 4512 0.45 1.00
0.8 7 7.21 0.21 3.04 71.94 72.13 0.18 0.25
0.9 15 15.28 0.28 1.84 152.65 152.76 0.10 0.07
0.95 31 31.38 0.38 1.22 313.71 313.77 0.06 0.02
0.999 1,608 1,608.63 0.63 0.04 16,086.33 16,086.33 0.00 0.00
Appendix 1. The Continuous Approximation and

Let

.S/‘+1

z 5 T
J’j(a,sj)zhj[sj——l (l—rj’)]—l—bjl_rj

]

refer to the expected inventory cost due to location j given
demand allocation a and base-stock level S;- Also, let

o Inlw]
T Tnlr]

Then, the error in the inventory cost due to ignoring the
integrality of the base-stock level is given by

file, s) — file, [57))
< file, 157 +1) = file, [s})) < By (1— 1) < (1= p).

We now can verify that

lim[fj(er, 57) = fy(er, s} )] =0

lim[fi(et, 57) = fi(ew, [57])] < By.

Hence, the difference in cost is largest when p approaches
zero, but remains bounded by h;. To put this bound in per-
spective, h; corresponds to the expected cost in a system in
which average inventory is equal to one and there is never a
backorder. Furthermore, as illustrated in Tables 1 and 2, this
bound tends to be loose, with the actual difference being
significantly smaller. Note that the relative difference in cost
is also bounded with

fj(a/ S]*) _fj('x/ LS;FJ) < (1 - rj) In rj -
fila,s) In[w;]

Note that for reasonable ranges of parameters, the relative
difference in cost is small. For example, for p > 0.75 and
w; > 0.2, this difference is less than 0.045. When the utiliza-
tion is small, this relative difference can be large, but in that
case, the absolute cost difference tends to be small. Finally,
note that the bound on the relative difference decreases with

(1-p)Inp
In[w]]

Table 2 The Error in Inventory Cost due to Ignoring the Integrality of the Base-Stock Level for an Inventory Location j with Parameters
r;, hj=10, b;=90
(s;—1s;1)/s; (F(s7) = F(Ls; D)/E(s7)
7 ls;] 57 s;—1s;] (%) s fs) ) —flls;)) (%)
0.1 1 1.00 0.00 NA 10.00 10.00 0.00 0.00
0.2 1 1.43 0.43 43.07 12.50 14.31 1.81 14.45
0.3 1 1.91 0.91 91.25 18.57 19.12 0.55 2.98
0.4 2 2.51 0.51 25.65 24.00 2513 1.13 4.71
05 3 3.32 0.32 10.73 32.50 33.22 0.72 2.21
0.6 4 4.51 0.51 12.69 44.44 45.08 0.64 1.43
0.7 6 6.46 0.46 7.59 64.12 64.56 0.44 0.68
0.8 10 10.32 0.32 3.19 102.95 103.19 0.24 0.23
0.9 21 21.85 0.85 4.07 218.48 218.54 0.07 0.03
0.95 44 44.89 0.89 2.02 448.88 448.91 0.03 0.01
0.999 2,301 2,301.43 0.43 0.02 23,014.33 23,014.34 0.00 0.00
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the ratio b;/(b; + h;) and approaches zero as b;/(b; + h;) ap-
proaches one.

Appendix 2. Solution Procedure
Noting that «;; € {0, 1}, we can restate the DAP-D as follows:

m n n m

minimize thj1 [r +2 D ciAday; (A1)

i=1j=1

subject to Zaijzl, i=1,...,n, (A2)
=1
ayel0,1}, i=1,..,n,j=1,..,m (A3
Let B; = (n — A)/(XiL; Ajayj) and a; = h;In[(h; + b)) /b;];

then, we can further restate the problem as

m nom

minimize Z +Y > ciha (A4)
j=1 [1+B]] i=1j=1 ! !

subject to Y Aa;B;=(m—-N)§;, j=1,...,m, (AD)
i=1

6je{0,1}, j=1,...,m, (A6)
@;<8;, i=1,...,n,j=1,...,m, (A7)
B;i=0, j=1,....,m, (A8)
(A2), (A3),

where §; is a binary variable that takes value one if facility j
is used. Because the term «;;3; is nonlinear, we linearize it
by defining v;; = a;;3; and substituting (A5) by

Z)\i%j=(l‘«_/\)5]‘ j=1,...,m, (A9)
i=1
Ogyijgﬁ]-foralli:l,...,n,j:l,...,m, (A10)
Bj+M(a1] 1)<71] <Ma11/
i=1,...,n,j=1,...,m, (All)

where M is a large number (note that we have taken advan-
tage of the fact that «;; € {0, 1}).

Being convex, the function f(B;) =1/In(1+ B;) for j =
1,...,m, can be written as the maximum of a set of
tangent piecewise linear functions. In particular, consider
nonnegative points B} indexed by set U. Then, f(B;) =
max, ., {f(B})+ f'(B)(B; — B)}, where U is the index set of
all possible points B. Hence, the DAP-D can be reformu-
lated as the following optimization problem:

i 1 B —B;
minimize ) a; max { In(1+87)  (1+B)[n(1+ 8NP }
LYY ey, (A12)

i=1j=1

subject to constraints (A2), (A3), (A6), and (A7)—(A1l). We
refer to this equivalent optimization problem as the DAP-
D(U). The objective function of the DAP-D(U) can be lin-
earized by substituting the terms

{ 1 B~ B! }
S In(@+B) ~ T+ B)[n(l+ )P

with nonnegative decision variables 6, and introducing the
following linear constraints:

b 1 BB
=+ (+ B+ BHE’

j=1,...,m, andall uell (Al3)

(A14)
The DAP-D(U) can now be restated as the following MILP:

minimize Z a; Hj + Z Z CijAi,
j=1 i=1j=1
subject to constraints (A2), (A3), (A6)-(All), (A13), and
(A14).

The nonlinearity of DAP-D was eliminated at the expense
of having to deal with an exponential number of con-
straints. However, to solve the DAP-D(U), it is not neces-
sary to generate all constraints (A13). Instead, it suffices to
start with a subset of these constraints and generate the
rest as needed. More specifically, suppose that at iteration g,
g > 1, we use a subset of points indexed by U7 and solve the
corresponding problem DAP-D(UY), which yields the solu-
tion (e, 87, y7, B7, 87) and objective function z(U). Then,
z(U"Y) is a lower bound on the optimal objective of the DAP-
D because z(U") is a relaxation of the DAP-D. Furthermore,
«f is feasible to the DAP-D, and so

j=1 ! ln(l +(n =)/ (i /\ia?j))

provides an upper bound to the DAP-D. If the upper
bound (UB) and the lower bound (LB) are equal, then
(7,89, v7,B7,07) is an optimal solution for the DAP-D(U)
and also for the DAP-D. Otherwise, a new set of constraints
(A13) is generated at

(A15)

n m
+ Z Z Cl‘]‘Aiai]‘

i=1j=1

mw—A

new n q
,Bj ={> /\iai/
M if 5}1:0,

ifa;’=1

a new problem DAP-D(U%*!) with the new constraints
added to the current set is generated. The procedure is
repeated until the lower and upper bounds coincide (i.e.,
UB = LB). Note that although the lower bound is mono-
tonic, the upper bound is not, and so the best upper bound
needs to be stored. It is not difficult to show that at each iter-
ation, at least one new point and corresponding constraints
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Table3  Numerical Results for Problems Without Fixed Costs
=10 =20
CPU time Number of Optimal CPU time Number of Optimal
n m p (seconds) iterations cost (seconds) iterations cost
30 10 0.6 0.41 2 327.46 0.73 2 171.90
0.7 0.50 2 331.29 0.77 2 175.73
0.8 0.56 2 338.31 25.71 6 182.75
0.9 1.27 2 357.75 >1,000 3 202.96
(1.79%)
30 15 0.6 8.07 4 215.91 8.77 3 115.50
0.7 13.42 5 219.62 26.91 5 119.21
0.8 17.43 4 226.44 25.54 4 126.03
0.9 32.54 4 245.49 >1,000 3 147.98
(4.1%)
30 20 0.6 0.97 2 110.93 1.03 2 68.50
0.7 0.92 2 115.65 1.63 2 73.22
0.8 1.11 2 123.83 994.90 6 81.41
0.9 2.15 2 145.06 >1,000 3 104.39
(8.63%)
40 10 0.6 0.51 2 694.76 0.84 2 355.35
0.7 0.50 2 698.56 1.35 2 359.14
0.8 1.08 2 705.54 6.14 2 366.13
0.9 1.58 2 724.98 >1,000 2 399.56
(4.47%)
40 15 0.6 5.31 3 512.6 7.29 3 263.70
0.7 8.10 3 516.29 34.89 3 267.38
0.8 11.61 3 523.10 32.04 4 274.20
0.9 41.37 4 54217 >1,000 3 294.44
(1.21%)
40 20 0.6 1.30 2 336.38 1.29 2 180.81
0.7 1.31 2 341.01 1.77 2 185.45
0.8 1.21 2 349.11 25.74 2 193.55
0.9 2.94 2 370.31 >1,000 3 217.13
(5.4%)
50 10 0.6 0.51 2 1,203.59 1.19 2 609.62
0.7 0.67 2 1,207.35 2.33 2 613.38
0.8 1.57 2 1,214.30 3.12 2 620.33
0.9 1.69 2 1,233.72 125.21 7 639.75
50 15 0.6 5.93 3 950.77 7.43 3 482.67
0.7 12.01 4 954.44 18.17 4 486.33
0.8 13.12 3 961.24 30.37 3 493.14
0.9 63.67 4 980.33 600.54 5 512.22
50 20 0.6 119 2 703.43 1.68 2 364.02
0.7 1.65 2 707.99 1.70 2 368.58
0.8 1.60 2 716.02 3.53 2 376.61
0.9 3.27 2 73717 >1,000 4 400.71
(1.28%)

Notes. For cases where the CPU time exceeds 1,000 seconds, we report the cost of the best solution and the maximum percentage
error = 100%(UB — LB)/LB. ¢; = |2 —2j +m —n|/(~/27) ¥i,j, A, =20 Vi, h. =2, b;=10,vj.

are introduced. Therefore, cycling cannot occur. Moreover,
because the variables a; are binary, there is a finite set of
values that §; can take. Consequently, an optimal solution
is always reached within a finite number of iterations.

The above approach can be adapted immediately to solve
problems with fixed location costs discussed in §5 (for
brevity, we omit repeating the details). In Tables 3 and 4,
we provide representative numerical results illustrating the
computational effectiveness of the solution procedure for
systems with and without fixed location costs. The proce-
dure was coded in Matlab 7.0 with the solution to the MILP

problems obtained using CPLEX 10.1 on a Sun Blade 2500
workstation.

It is clear from Tables 3 and 4 that as p or 7 increases, the
problem becomes more difficult to solve. A possible expla-
nation is that as either p or 7 increases, the transportation
cost component in the objective function becomes less dom-
inant, requiring more search effort for an optimal solution
(recall from the discussion in §1 that when transportation
costs are dominant, the problem reduces to a simple assign-
ment problem that is easy to solve). Problems with fixed
location costs appear to be relatively easier to solve than
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Table 4 Numerical Results for Problems with Fixed Costs
=10 =20
CPU time Number of Optimal CPU time Number of Optimal
n m p (seconds) iterations cost (seconds) iterations cost
30 10 0.6 2.34 5 409.10 0.68 2 232.31
0.7 2.37 5 412.33 1.25 2 235.43
0.8 5.29 7 418.54 2.58 3 241.52
0.9 13.98 7 436.72 22.58 4 259.56
30 15 0.6 10.43 8 320.02 11.55 7 195.62
0.7 1317 7 323.34 12.91 7 198.84
0.8 45.63 10 329.68 91.03 8 205.05
0.9 101.01 12 348.00 222.66 12 223.21
30 20 0.6 35.40 12 259.25 242.10 14 175.85
0.7 40.29 12 262.68 333.26 13 179.07
0.8 146.06 12 269.13 414.63 15 185.27
0.9 201.85 13 287.60 680.25 17 203.43
40 10 0.6 2.47 5 776.75 1.40 2 416.15
0.7 2.96 5 779.97 1.54 2 419.27
0.8 5.82 7 786.19 415 3 425.37
0.9 16.19 7 804.38 16.54 3 443.41
40 15 0.6 9.95 7 616.95 4.96 5 344.07
0.7 9.59 7 620.23 15.80 7 347.29
0.8 36.37 11 626.57 36.86 8 353.50
0.9 100.04 11 644.92 96.21 9 371.68
40 20 0.6 39.30 12 485.42 56.85 10 288.93
0.7 41.19 11 488.84 138.86 1 292.19
0.8 150.16 13 495.30 179.41 10 298.40
0.9 229.52 12 513.79 566.54 13 316.56
50 10 0.6 2.68 5 1,285.83 115 2 670.71
0.7 4.39 5 1,289.05 1.11 2 673.83
0.8 5.62 5 1,295.26 2.05 2 679.93
0.9 16.06 7 1,313.46 21.30 3 697.97
50 15 0.6 11.03 8 1,055.24 8.22 5 563.26
0.7 12.32 7 1,058.60 21.01 6 566.46
0.8 45.02 8 1,064.90 45.95 8 572.67
0.9 124.93 11 1,083.26 183.39 13 590.86
50 20 0.6 43.67 12 853.01 172.26 12 472.72
0.7 50.67 13 856.43 144.71 1 476.01
0.8 87.74 12 862.89 214.52 11 482.22
0.9 200.89 12 881.40 434.62 11 500.39

Note. ¢; = |2i —2j +m —n|/(v27) Vi, j, ;=20 Vi, h; =2, b; =10, K; = 20, V.

those without such costs. This may be because adding such

costs diminishes the importance of inventory costs.
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