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We consider the problem of allocating demand arising from multiple products to multiple production facil-
ities with finite capacity and load-dependent lead times. Production facilities can choose to manufacture

items either to stock or to order. Products vary in their demand rates, holding and backordering costs, and
service-level requirements. We develop models and solution procedures to determine the optimal allocation of
demand to facilities and the optimal inventory level for products at each facility. We consider two types of
demand allocation, one in which we allow the demand for a product to be split among multiple facilities and
the other in which demand from each product must be entirely satisfied by a single facility. We also consider
two forms of inventory warehousing, one in which inventory locations are factory based and one in which they
are centralized. For each case, we offer a solution procedure to obtain optimal demand allocations and optimal
inventory base-stock levels. For systems with multiple customer classes, we also determine optimal inventory
rationing levels for each class for each product. We use the models to characterize analytically several properties
of the optimal solution. In particular, we highlight eight principles that relate the effects of cost, congestion,
inventory pooling, multiple sourcing, customer segmentation, inventory rationing, and process and demand
variability.

Key words : production/inventory systems; queueing systems; generalized assignment problem;
multi-item/multifacility systems

History : Accepted by William S. Lovejoy, operations and supply chain management; received April 12, 2002.
This paper was with the authors 11 months for 4 revisions.

1. Introduction
We consider the problem of allocating demand that
arises from N classes of items, say N products, to a
set of M production facilities. The production facil-
ities vary in their capacities and in their produc-
tion and inventory-handling cost structures. Products
vary in their demand rates, holding and backorder-
ing costs, and service-level requirements. The pro-
duction facilities can either make products to stock
or make them to order. Demand for each product
occurs over time with stochastic interarrival times.
Production times are also stochastic. Consequently,
production lead times (and consequently inventory
replenishment lead times) are stochastic and affected
by congestion at the production facilities. Demand for
the same product can originate from different cus-
tomer classes. Customer classes may vary in their
demand rates, backorder penalties, or service-level
requirements.

We present models and solution procedures to
jointly determine the optimal allocation of demand
to facilities and the optimal inventory level for each
product at each facility. We consider two types
of demand allocation, one in which we allow the
demand for a product to be split among multiple facil-
ities, and the other in which demand from each prod-
uct must be entirely satisfied by a single facility. We
refer to the former as the demand allocation problem
and the latter as the demand partitioning problem. Also,
we consider two forms of inventory warehousing, one
in which inventory locations are factory based and
one in which they are centralized. For each case, we
offer a solution procedure to obtain optimal demand
allocations and optimal inventory base-stock levels. In
cases where the same product is demanded by mul-
tiple customer classes, we also determine an optimal
allocation of customer classes to facilities and an opti-
mal rationing policy of inventory if demands from
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multiple customer classes are satisfied from the same
inventory buffer.
The joint inventory control and demand allocation

problem with multiple products and multiple facili-
ties is complex and involves the balancing of several
trade-offs. For example, although it may appear desir-
able to assign demand to facilities with the lowest
production and transportation costs, excessive work-
loads on these facilities lead to long and highly vari-
able replenishment lead times, which in turn may
require higher inventory levels or lead to higher back-
order costs. A degree of workload balancing among
facilities is thus necessary. This workload balancing
must, however, be carried out carefully, because there
can be value in centralizing inventory in as few
locations as possible. Unbalanced workloads may be
tolerated if they yield sufficient savings from the asso-
ciated inventory pooling. Inventory pooling, on the
other hand, is not always desirable. In systems where
the demand for each product originates from multiple
customer classes, it may be more beneficial to segment
customer classes based on their backorder costs and to
serve them from different facilities. Alternatively, we
may ration the inventory at each location among the
different classes. In this case, it may indeed be desir-
able to serve different customer classes from the same
location. In systems where demand is highly variable,
allocating the demand of each product to multiple
facilities can reduce the demand variability experi-
enced by these facilities, hence reducing their replen-
ishment lead times. In settings where inventory for
each product must be held in a centralized location,
distributing demand from each product among mul-
tiple facilities can also be desirable because it reduces
the variance of replenishment lead times.
One of the objectives of this paper is to highlight

the effect of these various factors on demand allo-
cation and inventory control decisions and to derive
useful managerial insights and guidelines. In particu-
lar, we identify eight principles that relate the effects
of cost, congestion, inventory pooling, multiple sourc-
ing, customer segmentation, inventory rationing, and
process and demand variability. We show how these
principles can be used to guide demand allocation
decisions even when the models themselves are not
used. Furthermore, we illustrate several properties of
the optimal solution, including a few that are seem-
ingly counterintuitive.
The problem of demand allocation arises in a vari-

ety of contexts when there are multiple facilities
available to manufacture the same product. In this
paper, we are in part motivated by our work with
a large contract manufacturer (CM) in the electronics
industry. The CM, which has over 35 manufacturing
facilities worldwide, offers manufacturing outsourc-
ing services to several leading original equipment

manufacturers (OEMs) for a variety of industrial and
consumer products. The core manufacturing technol-
ogy in most facilities is surface mount technology
(SMT) for printed circuit-board assembly (PCA). To
meet the needs of a wide range of OEMs, the CM
has invested in flexible technologies that can accom-
modate a high variety of products that are manufac-
tured in varying quantities with little changeover time
or cost. Because the plants tend to vary in size, effi-
ciency, and in geographic location, the costs of pro-
duction, warehousing, and transportation also vary.
Although the availability of a large number of facili-
ties with similar manufacturing capabilities provides
the CM with a high degree of flexibility, it also poses
challenges as to how products should be assigned to
facilities and how much inventory to keep for each
product at each facility. Because the manufacturing
and inventory functions are tightly coupled (many of
the OEMs tend to prefer that inventory is held and
managed by the CM with deliveries made on a just-
in-time basis), demand-assignment models that focus
on production costs do not adequately account for
inventory accumulation and related costs. Similarly,
commonly used inventory models where supply lead
times are assumed exogenous do not fully account for
the impact of factory congestion on inventory replen-
ishment lead times.

2. Literature Review
The demand allocation problem has been widely
studied in the literature in the context of make-
to-order systems where the objective is typically to
optimize a function of manufacturing lead time.
Examples from this literature include Benjaafar and
Gupta (1999), Green and Guha (1995), Tang and
Van Vliet (1994), and the references therein. Sev-
eral important cases are discussed in Buzacott and
Shanthikumar (1993). A closely related problem is the
load-sharing problem that arises in the design of dis-
tributed computer systems. A review of the exten-
sive literature on this problem can be found in Wang
and Morris (1985) and more recent developments are
described in Liu and Righter (1998). The problem we
treat in this paper generalizes the load-sharing prob-
lem to make-to-stock systems.
A common assumption in the above literature is

that demand streams can be split among the avail-
able facilities; however, situations do arise where the
demand for items cannot be split and the demand
from each item must be assigned in its entirety to a
single facility. When such restrictions apply, the prob-
lem becomes combinatorial and the decision variables
discrete. The literature on this version of the prob-
lem is more limited as it is generally more difficult to
solve. However, a well-studied version of the problem
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is the well-known generalized assignment problem
(GAP). For the GAP, all parameters are determinis-
tic and the objective is to minimize a linear function
of assignment costs subject to capacity constraints.
Although the problem is NP-hard, several relatively
efficient algorithms have been proposed. The reader is
referred to the early work of Ross and Soland (1975),
Fisher (1981), and Martello and Toth (1980). Recent
reviews of GAP applications and solution algorithms
can be found in Cattrysse and Van Wassenhove (1992)
and Osman (1995). As we show in §4, the GAP is a
special instance of the problem we model.
Our work is also related to the growing body of

literature on make-to-stock queues. Example papers
that deal with multiple-class systems include Wein
(1992), Ha (1997), Zipkin (1995), de Véricourt et al.
(2000), de Véricourt et al. (2002), and Benjaafar et al.
(2004a). An excellent summary of important results
is provided in Buzacott and Shanthikumar (1993).
This literature, which usually treats a single facility,
is mostly concerned with characterizing optimal pro-
duction and inventory control policies. To our knowl-
edge, our paper is the first to consider systems with
multiple facilities and multiple products. It appears
also to be the first paper to consider the joint demand
allocation and inventory control problem in a setting
of make-to-stock queues.
The remainder of this paper is organized as follows.

In §3, we present our basic model and formulate both
the demand allocation and demand partitioning prob-
lems. For the demand allocation problem, we consider
two cases, one where inventory is held at the produc-
tion facilities and one where it is centralized in a sin-
gle location. In §4, we offer solution methods to both
problems and in §5 we present numerical results. In
§6, we treat several special cases and offer additional
insights into the nature of the optimal solution. In §7,
we extend our basic model to include multiple cus-
tomer classes, heterogeneous processing times, and
demand processes with general distributions. Finally,
in §8, we offer concluding comments.

3. Model Description
We consider a system with M manufacturing facilities
and N products. Demand for each product occurs one
unit at a time according to an independent Poisson
process with rate �i for product i (i = 1� � � � �N �. We
let �ij (0 ≤ �ij ≤ 1� denote the long-run fraction of
demand of product i that is supplied by facility j . To
ensure that the demand from each product is met,
we require that

∑M
j=1�ij = 1. The total demand satis-

fied by facility j is �̂j =
∑N

i=1�ij�i. Naturally, we have∑M
j=1 �̂j =

∑N
i=1 �i. In systems where demand cannot

be split among multiple facilities the parameter �ij

is restricted to be either 0 or 1. Each facility j has

a finite production capacity with rate 
j . Unit pro-
cessing times at each facility are assumed to be i.i.d.
and exponentially distributed random variables with
mean 1/
j . The case of product-dependent service
times is discussed in §7. Demand for each product
is satisfied from finished-goods inventory. If none is
available, demand is backordered. First, we consider
the case where inventory for each product is held at
the facility that produces it (the case where inven-
tory for each product is stocked in a single centralized
location is discussed later in this section). Finished-
goods inventories are managed according to a base-
stock policy, with base-stock level sij for product i at
facility j . Each facility j incurs a production cost cij
per unit of product i (production costs may include
both manufacturing and transportation costs), a hold-
ing cost hij per unit of inventory of product i per unit
time, and a backordering cost bij per unit of prod-
uct i backordered per unit time. To ensure overall
feasibility, we assume that

∑N
i=1 �i <

∑M
j=1
j . To guar-

antee feasibility at each facility, we require that the
utilization �j =

∑N
i=1�ij�i/
j of each facility j satis-

fies the stability condition �j < 1. Note that because
the probabilistic decomposition of a Poisson process
is a Poisson process, the demand from a product i
that is assigned to facility j also follows a Poisson
process. Furthermore, because the superposition of
Poisson processes is a Poisson process, the aggregated
demand arrival process at each production facility fol-
lows also a Poisson process. Hence, viewed in isola-
tion, each production facility j can be modeled as an
M/M/1 queue with arrival rate �̂j and service rate 
j .
Some of the above assumptions are relaxed later.

In this section we consider systems with central-
ized inventory warehousing. In §7, we discuss exten-
sions of this basic model to systems where demand
for the same product might arise from multiple cus-
tomer classes with nonidentical backorder costs or
service levels and to systems with heterogeneous pro-
cessing requirements and non-Markovian demands.
Although it is possible to consider systems where a
changeover time or cost is incurred when a produc-
tion facility switches from one product to another
(see, for example, Benjaafar et al. 2004b), we focus
here on systems with flexible manufacturing technolo-
gies where setups are relatively insignificant (in this
sense, our setup is similar to that of Zipkin 1995 and
Wein 1992).
Throughout this paper we assume that orders are

processed at the production facilities on a first-come–
first-served (FCFS) basis. Our use of the FCFS pol-
icy is motivated by its widespread use in practice, its
ease of implementation, its perceived fairness, and its
analytical tractability. Characterizing an optimal pol-
icy for a production-inventory system with multiple
products is a difficult problem that to date remains
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unresolved for the general case; see de Véricourt
et al. (2000) for results and references. In principle,
the problem can be formulated as a Markov deci-
sion process (MDP) and solved numerically. However,
because of the well-known curse of dimensionality
for multidimensional MDPs, an optimal policy can-
not be identified in any reasonable amount of time,
except for the smallest systems (e.g., a single facil-
ity with two products) and for relatively low uti-
lization levels. Nevertheless, there is evidence that
the difference in cost between the FCFS and an opti-
mal policy diminishes in utilization, with this differ-
ence becoming negligible when utilization is high (see
Wein 1992, Zheng and Zipkin 1990, Zipkin 1995, or
Van Houtum et al. 1997). Static priorities among the
different products can also provide an alternative to
the FCFS policy. However, static priorities are ana-
lytically difficult to evaluate in a make-to-stock set-
ting, and can sometimes be less efficient than the
FCFS policy; see de Véricourt and Dallery (2000) and
de Véricourt and Veatch (2003).
Our objective is to identify an allocation matrix

�∗ = ��∗
ij � and base-stock level matrix s∗ = �s∗ij � so that

the long-run expected total cost per unit time is min-
imized. We denote this expected total cost by

z��� s�=
N∑
i=1

M∑
j=1

{
hijE�Iij �+ bijE�Bij �+ cij�ij�i

}
� (1)

where Iij and Bij are random variables equal in dis-
tribution to, respectively, the steady-state inventory
and backorder levels for product i at facility j . Instead
of minimizing the sum of holding and backordering
costs, inventory and demand allocation policies may
be chosen so that only the inventory-holding and pro-
duction cost components of the total expected cost is
minimized with a requirement that a specified service
level for each product at each facility is met. A ser-
vice level can be specified in several ways, including
setting an upper bound on the probability of a stock-
out or choosing a target fill rate (the fraction of orders
filled from stock). In our case, because demand occurs
one unit at a time, the requirement on either the stock-
out probability or the fill rate can be specified as a
constraint on the probability that an arriving order of
type i finds no inventory on hand. This is also equiv-
alent to finding sij units already on order. If we let
Qij denote the number of units on order of type i at
facility j as seen by an arrival, then the service-level
constraint can be stated as

Pr�Qij ≥ sij �≤ �ij� (2)

where �ij ∈ �0�1� is the specified service level for prod-
uct i at facility j .
We consider two allocation policies: probabilistic

and deterministic. Under the former, the variable �ij

is allowed to assume values over the range [0, 1].
In this case, �ij also corresponds to the probability that
incoming demand of type i is assigned to facility j .
Although a truly probabilistic allocation is unlikely
in practice, it is useful in approximating the behavior
of a central dispatcher that attempts to adhere to a
specified workload for each facility. It is also useful
in modeling settings where demand for each product
arises from a sufficiently large number of sources. The
variable �ij corresponds in that case to the fraction
of demand sources (e.g., geographical locations) for
type i that is always satisfied from facility j . Under a
deterministic policy, we restrict the variables �ijs to be
either 0 or 1 so that each product is produced in only
one facility. However, a facility may produce multi-
ple products under both policies. In the remainder of
this article, we shall refer to the problem with prob-
abilistic allocation as the demand allocation problem
(DAP) and to the one with deterministic allocation as
the demand partitioning problem (DPP).
In Lemma 1, we show how to obtain expressions

for expected inventory, expected backorder level, and
probability of backordering (or fill rate) for a given
base-stock level matrix s and allocation matrix �. The
proof is in Appendix 1.

Lemma 1. Given � = ��ij � and s = �sij �, expected
inventory level, number of backorders, and probability
of backordering under the DAP assumptions are given,
respectively, by E�Iij �= sij − �1− r

sij
ij �rij/�1− rij �� E�Bij �=

r
sij+1
ij /�1 − rij �, and Pr�Qij ≥ sij � = r

sij
ij where rij = �ij�i/

�
j −
∑

k 
=i �kj�k�.

The DAP can now be formulated as follows:

DAP: minimize z��� s�

=
N∑
i=1

M∑
j=1

{
hij

[
sij −

(
rij

1− rij

)
�1− r

sij
ij �

]

+ bij

[
r
sij+1
ij

1− rij

]
+ cij�ij�i

}
(3)

subject to

M∑
j=1

�ij =1� i=1�2�����N� (4)

N∑
i=1

��ij�i/
j�−1≤0� j=1�2�����M� (5)

�ij ≥0� i=1�2�����N� j=1�2�����M� (6)

sij : positive integer,

i= 1�2� � � � �N� j = 1�2� � � � �M� (7)

Constraint (4) ensures that the demand for each
product is met and constraint (5) ensures that capacity
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constraints are not violated. For the DPP, constraint
(6) is replaced by

�ij = 0�1� i= 1�2� � � � �N� j = 1�2� � � � �M� (8)

For systems where a service-level constraint is in
effect, the backordering cost component is eliminated
from the objective function and a constraint in the
form of (2) is introduced for each product at each
facility.
Given an allocation matrix �, it is not too difficult

to show that z��� s� is jointly convex in the sijs. Noting
that z is also separable in the sijs, the optimal base-
stock level s∗ij for each product i at each facility j can
be obtained as the smallest integer that satisfies the
constraint zij ��� sij + 1�− zij ��� sij �≥ 0 where zij ��� sij �
is the cost contribution of product i at facility j . This
leads to

s∗ij = �s̃ij
 where s̃ij =
ln�hij/�hij + bij ��

ln�rij �
� (9)

In the remainder of this paper we relax the integral-
ity on s∗ij and let s∗ij = s̃ij , which simplifies the analysis
considerably. The amount of error introduced by this
relaxation is negligible when the s∗ijs are large, which
would be the case when the utilization of the pro-
duction facility is high (note that rij → 1 as �j → 1).
In practice, when the utilization is low, the number
of facilities is usually small because it is uncommon
to maintain a large number of underutilized facili-
ties. Consequently, the optimization problem is trivial
in that case and can be solved by exhaustive search.
Furthermore, relaxing the integrality of the base-stock
level is in line with standard treatments in the inven-
tory literature (Zipkin 2000) and in the analysis of
make-to-stock queues (Buzacott and Shanthikumar
1993, Wein 1992, Zipkin 1995).
Substituting s∗ij in the objective function, we can

express the optimal cost for a given allocation matrix
� as follows:

z��� s∗� =
N∑
i=1

M∑
j=1

�hij s
∗
ij + cij�ij�i�

=
N∑
i=1

M∑
j=1

{
hij ln�hij/�hij + bij ��

ln�rij �
+ cij�ij�i

}
� (10)

When a service-level constraint is enforced, we
minimize

ẑ���s� =
N∑
i=1

M∑
i=1

{
hij �sij−�1−r

sij
ij �rij/�1−rij ��+cij�ij�ij

}
�

(11)

subject to (2) and (4)–(6). Rewriting constraint (2) as
sij ≥ ln��ij �/ ln�rij � and noting that the objective func-
tion is strictly increasing (and convex) in the sijs,

we can see that (2) is binding and the optimal base-
stock level is given by s∗ij = ln��ij �/ ln�rij �. Substitut-
ing s∗ij in the objective function, we can now express
the optimal cost for a given assignment matrix � as
follows:

ẑ���s∗� =
N∑
i=1

M∑
j=1

{
hij

( ln��ij �

ln�rij �
− rij �1−�ij �

1−rij

)
+cij�ij�i

}
�

(12)

Rewriting the objective function in the form of either
(10) or (12) allows us to reduce our optimization prob-
lem to that of finding �∗ subject to constraints (4)–(6)
(or (4), (5), and (8) in the DPP case).
In settings where finished-goods inventory is kept

only in centralized warehouses and not at the facto-
ries, there is only one inventory location per product.
This inventory is replenished by multiple facilities
if the demand for that product gets allocated to
more than one facility. In other words, inventory is
always pooled while production can be distributed.
We refer to this problem as the demand allocation
problem with centralized inventory, or DAP-C. We
let �ij denote the fraction of demand of product i
assigned to facility j (as in the DAP, �ij can be viewed
as the probability with which a demand for prod-
uct i is replenished from facility j) and si denote the
base-stock level for product i. Then, as in the DAP,
each production facility j can be viewed as an inde-
pendent M/M/1 queue with arrival rate

∑N
i=1�ij�i.

We use hi and bi to refer, respectively, to the hold-
ing and backorder costs per unit, per unit time, for
product i.
In Lemma 2, we show how to obtain expressions

for expected inventory, expected backorder level, and
probability of backordering for a given base-stock
level vector s and allocation matrix �. The proof is in
Appendix 2.

Lemma 2. Given � = ��ij � and s = �si�, expected
inventory level, number of backorders, and probability of
backordering under the DAP-C assumptions are given,
respectively, by E�Ii�=

∑M
j=1Rij �si − rij �1− r

si
ij �/�1− rij ��,

E�Bi� = ∑M
j=1Rij �r

si+1
ij /�1 − rij ��, and Pr�Qi ≥ si� =∑M

j=1Rijr
si
ij , where Rij = rM−1

ij

∏
k 
=j �1− rik�/�rij − rik�.

The DAP-C can now be formulated as

DAP-C: min z��� s� =
N∑
i=1

hi

[
si −

M∑
j=1

Rij

rij

�1− rij �

]

+ �hi + bi�
M∑
j=1

Rij

r
si+1
ij

�1− rij �

+
N∑
i=1

M∑
j=1

cij�ij�i� (13)
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subject to constraints (4)–(6) and si: positive integer
for i= 1�2� � � � �N .
Given an allocation matrix �, the optimal base-stock

level s∗i for product i can be obtained as the small-
est integer si that satisfies zi��� si + 1�− zi��� si�≥ 0, or
equivalently,

M∑
j=1

Rijr
si
ij ≤

hi

hi + bi
� (14)

Although a closed-form expression for s∗i is difficult to
obtain, it is straightforward to compute numerically
from (14) for a given allocation matrix �.
Clearly, with regard to production- and inventory-

related costs, a system with centralized warehousing
is superior to one where inventory is factory based
(a sample path argument can be easily constructed
to support this claim). Whether this configuration is
ultimately more desirable would of course depend
on the economics of centralized versus factory-based
warehousing.

4. Solution Procedure
In this section, we present procedures for solving the
DAP, the DPP, and the DAP-C. For the DAP, the
total cost function in (10) is not jointly convex in
the decision variables �ij . Hence, the DAP is difficult
to solve directly. In what follows, we show how the
problem can be solved via a change of variables that
transforms it into a problem that is jointly convex in
its decision variables. In particular, we introduce the
new variables yij and rewrite the original problem as
follows:

minimize

z���y�=
N∑
i=1

M∑
j=1

{
cij�ij�i−

hij ln�hij/hij+bij �

yij

}
� (15)

subject to (4), (5), and (6),

�i�ije
yij +∑

k 
=i

�kj�k −
j ≤ 0

i= 1�2� � � � �N� j = 1�2� � � � �M" and (16)

yij ≥ 0� i= 1�2� � � � �N� j = 1�2� � � � �M� (17)

First, note that constraints (16) are always binding
at an optimal solution because the yij variables are
always chosen to be as large as possible. Because the
�ijs and yijs are independently expressed in the objec-
tive function, the objective function is jointly convex
in � and y. It can also be easily verified that con-
straints (16) are jointly convex in � and y. Because
the remaining constraints (4), (5), and (6) are linear,
the reformulated DAP leads to a convex optimization

problem where any local optimum solution is also a
global optimum (Bazaraa and Shetty 1979). Standard
convex optimization algorithms can thus be used to
solve effectively for an optimal solution.
Regarding the DPP, when the first term in the objec-

tive function (10) is omitted (e.g., hij = bij = 0 ∀ i� j),
the DPP reduces to the GAP, which is known to
be NP-hard (Fisher 1981). Therefore, the DPP is also
NP-hard. To solve the problem, we use a branch-and-
bound (B&B) algorithm that takes advantage of the
structure of the problem and available tight lower and
upper bounds to reach an optimal solution efficiently.
The B&B algorithm makes use of two lower bounds.
The first lower bound is given by the solution to the
DAP (i.e., a relaxation of the integrality constraints).
This bound is usually tight because the solution to the
DAP tends to be integral (in §5 we provide a theo-
retical basis for this result). The second lower bound
is obtained by using a dual Lagrangian relaxation
of constraint set (4). The bound obtained by solving
this Lagrangian relaxation is generally tighter than
the one obtained via the DAP relaxation. The solution
to the Lagrangian problem is also useful in guiding
the branching process in the branch-and-bound algo-
rithm. Details regarding the solution method to the
dual-Lagrangian relaxation problem and the branch-
and-bound algorithm can be found in Benjaafar et al.
(2003). They are omitted here for the sake of brevity.
For the DAP-C, solving the joint demand alloca-

tion and inventory control problem is difficult because
the problem lacks the structure that could allow us
to transform it into a convex optimization problem.
The problem could be solved approximately by dis-
cretizing the set of feasible values that the variables
�ij can assume and then solving the resulting combi-
natorial optimization problem. For small problems, a
solution can be obtained via enumeration. For larger
ones, some form of decomposition would be needed.
This may be achieved, for example, by restricting the
set of facilities to which a product can be assigned.
In practice this might arise naturally because the set
of feasible facilities for each product tends to be rela-
tively small.

5. Numerical Results
In this section, we present numerical results that com-
pare the solutions of the DAP, DPP, and DAP-C. We
observe that while the DAP solution tends to be nat-
urally integer, the DAP-C solution tends to split the
demand from each product among multiple facili-
ties. We refer to the tendency of the DAP solution
of being integer as the pooling effect and the ten-
dency of the DAP-C solution of being fractional as
the multisourcing effect (in §6, we provide an ana-
lytical basis for both effects and provide intuition
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Table 1 Comparing the DAP and DDP Solutions

Percentage difference in Percentage of
Percentage gap in cost demand allocation integer solutions

�M�N� a= hij /cij �= 0
7 �= 0
8 �= 0
9 �= 0
95 �= 0
7 �= 0
8 �= 0
9 �= 0
95 �= 0
7 �= 0
8 �= 0
9 �= 0
95

(2,3) 0.05 0
2 1.395 2.187 8
534 0.397 4.608 1
763 8.072 96
7 86
7 80 66
7
0.10 0
000 1.979 3.258 5
541 0.000 4.08 1
578 1.613 100 90 83
3 73
3
0.15 0
000 2.581 4.132 9
414 0.000 4.062 1
584 4.902 100 90 83
3 73
3
0.20 0
000 3.078 4.800 7
717 0.000 4.053 1
821 4.604 100 90 83
3 76
7
0.25 0
000 3.494 5.364 9
352 0.000 4.047 1
59 1.308 100 90 83
3 76
7
0.30 0
000 3.848 5.816 8
768 0.000 4.043 1
681 1.007 100 90 83
3 80
0

(2,5) 0.05 0
000 0.000 0.457 0
996 0.000 0.000 0
619 2.654 100 100 93
3 83
3
0.10 0
000 0.000 0.515 2
309 0.000 0.000 0
511 2.661 100 100 96
7 83
3
0.15 0
000 0.000 0.719 3
13 0.000 0.000 0
26 0.702 100 100 96
7 83
3
0.20 0
000 0.000 0.883 2
356 0.000 0.000 0
266 0.549 100 100 96
7 86
7
0.25 0
000 0.000 1.023 1
479 0.000 0.000 0
27 0.548 100 100 96
7 86
7
0.30 0
000 0.000 1.133 1
806 0.000 0.000 0
568 0.486 100 100 96
7 86
7

(2,7) 0.05 0
000 0.000 0.000 0
448 0.000 0.000 0
000 1.454 100 100 100 93
3
0.10 0
000 0.000 0.000 0
545 0.000 0.000 0
000 1.334 100 100 100 96
7
0.15 0
000 0.000 0.000 0
841 0.000 0.000 0
000 1.335 100 100 100 96
7
0.20 0
000 0.000 0.000 0
753 0.000 0.000 0
000 0.189 100 100 100 96
7
0.25 0
000 0.000 0.000 0
844 0.000 0.000 0
000 0.189 100 100 100 96
7
0.30 0
000 0.000 0.000 0
000 0.000 0.000 0
000 0.000 100 100 100 100

(4,5) 0.05 0
241 0.557 3.188 5
222 0.792 1.422 8
077 4.555 96
7 83
3 60
0 33
3
0.10 0
000 1.105 1.734 0
038 0.000 0.363 4
086 2.912 100 93
3 56
7 33
3
0.15 0
000 0.652 6.738 4
975 0.000 0.769 4
802 2.744 100 90
0 60
0 33
3
0.20 0
000 0.931 8.534 7
298 0.000 0.355 3
494 2.672 100 93
3 60
0 33
3
0.25 0
000 1.261 0.474 9
906 0.000 0.368 2
984 3.292 100 93
3 60
0 33
3
0.30 0
000 0.189 7.257 1
673 0.000 0.143 3
691 2.507 100 96
7 60
0 36
7

(4,7) 0.05 0
000 0.000 5.489 5
422 0.000 0.000 1
300 2.564 100 100 80
0 26
7
0.10 0
000 0.000 3.171 7
398 0.000 0.000 2
974 2.244 100 100 76
7 26
7
0.15 0
000 0.000 1.014 9
059 0.000 0.000 0
976 2.097 100 100 83
3 33
3
0.20 0
000 0.000 2.948 2
305 0.000 0.000 1
167 2.074 100 100 83
3 33
3
0.25 0
000 0.000 2.158 0
063 0.000 0.000 1
047 1.899 100 100 86
7 36
7
0.30 0
000 0.000 3.218 0
920 0.000 0.000 1
069 1.944 100 100 86
7 36
7

(4,9) 0.05 0
000 0.000 0.213 1
749 0.000 0.000 0
394 1.812 100 100 93
3 33
3
0.10 0
000 0.000 0.274 2
517 0.000 0.000 0
258 1.526 100 100 96
7 50
0
0.15 0
000 0.000 0.000 3
296 0.000 0.000 0
000 1.447 100 100 100 50
0
0.20 0
000 0.000 0.262 3
179 0.000 0.000 0
182 1.139 100 100 96
7 63
3
0.25 0
000 0.000 0.315 3
750 0.000 0.000 0
182 1.129 100 100 96
7 63
3
0.30 0
000 0.000 0.363 4
135 0.000 0.000 0
182 1.135 100 100 96
7 63
3

for the differences between the DAP and DAP-C
solutions).
In Table 1, we present representative numerical

results comparing the DAP and DPP solutions. For
each combination of parameters considered, we
compute the percentage gap in cost, percentage differ-
ence in demand allocation, and percentage of integer
solutions. The percentage gap in cost represents the
relative gap of the DPP’s optimal cost to that of the
DAP. The percentage difference in demand allocation
compares both solutions and measures how far the
DAP’s solution is from the DPP’s solution. The per-
centage of integer solutions measures the percentage
of times the solution of the DAP is feasible to the DPP,
and hence is optimal to the DPP. Letting �A = ��A

ij �
and zA ��P = ��P

ij � and zP ) denote the optimal solu-
tion and the optimal cost of the DAP (the DPP),

we have

percentage gap in cost= ��zP − zA�/zP �× 100� and
percentage difference in demand allocation

=
{ N∑
i=1

M∑
j=1

��A
ij −�P

ij �
/
2N

}
× 100�

The parameter �=∑N
i=1 �i/

∑M
j=1
j is used to denote

the overall level of utilization in the system and is var-
ied from 0.7 to 0.95. The ratio hij/cij is used to indicate
the relative difference in inventory holding to produc-
tion cost. The service level %ij = bij/�bij + hij � is held
fixed (in the examples shown %ij = 0�98 for all values
of i and j). Hence, for each value of hij there is a
corresponding backorder cost bij . For ease of compar-
ison, we also let hij/cij = a for all i and j and vary the
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parameter a. Each entry in Table 1 is an average over
30 randomly generated problems. Additional details
on how the data are generated are in Appendix 3.
Table 1 reveals two interesting results. First, the

pooling effect1 increases as the overall utilization
of the system decreases. Second, the pooling effect
increases with the number of products when the num-
ber of facilities is maintained constant. The first result
can be explained as follows. For lightly utilized sys-
tems, there is enough capacity to pool demand in
a single location. As system loading increases, the
demand rates become relatively larger and hence
have to be split among facilities to reduce congestion
across the system. The second result can be explained
as follows. For fixed overall system utilization, when
the number of products is larger than the number of
facilities, the demand rate per product tends to be
smaller compared to the facilities’ capacities, hence
the system has enough capacity to pool inventories in
single locations. Note that because the solution to the
DAP tends to be either integer or nearly integer, the
DAP solution is either an optimal solution to the DPP
or provides a strong lower bound to the DPP.
Note that the pooling effect is also sensitive to

the ratio a. As a decreases the percentage of integer
solutions also decreases. That is, the pooling effect is
weakest when the holding cost, relative to the pro-
duction cost, is low. This is not surprising because
production costs in that case dominate and the need
to consolidate inventory becomes less important. As
expected, the effect of the ratio a is most important
when � is relatively high.
In Table 2, we provide numerical results that com-

pare the DAP and DAP-C solutions. Each entry repre-
sents an average of 30 randomly generated examples.
The percentage gap in cost represents the percent-
age cost difference between the two systems and
is computed as ��zA − zC�/zA� × 100, where zA and
zC represent, respectively, the optimal cost of the
DAP and DAP-C solutions. The percentage differ-
ence in demand allocation distance is computed
as

∑N
i=1

∑M
j=1 ��C

ij −�A
ij �/2N × 100, where �C

ij and �A
ij

denote, respectively, the optimal demand allocation
for the DAP-C and DAP. The percentage of integer
solutions measures the percentage of time an integral
solution is obtained by the DAP-C.
The numerical results suggest that demand allo-

cations with centralized inventory locations can be
very different from those with factory-based inven-
tory locations. In particular, the solution does not
seem to favor the pooling of production. In fact, as

1 Our usage of the term pooling here and elsewhere in the paper
refers to the centralization of inventory of each product in few
locations. When inventory is factory based, this also means that
production facilities are dedicated to few products.

Table 2 Comparing the DAP and DAP-C Solutions

Percentage Percentage
Percentage difference in of integer

�M�N� � gap in cost demand allocation solutions

(2,3) 0.80 1.728 19
35 13
33
0.90 3.132 30
045 6
67
0.95 3.915 32
878 6
67

(2,5) 0.80 0.271 5
124 26
67
0.90 1.584 19
282 20
00
0.95 1.899 24
309 13
33

(2,7) 0.80 0.179 3
04 33
33
0.90 0.418 6
624 23
33
0.95 1.162 18
25 16
67

(4,5) 0.80 4.016 45
821 3
33
0.90 6.042 57
172 0
00
0.95 7.543 61
181 0
00

(4,7) 0.80 1.595 26
228 13
33
0.90 3.472 41
585 6
67
0.95 4.670 48
942 3
33

(4,9) 0.80 0.848 18
661 16
67
0.90 1.976 29
998 10
00
0.95 2.634 39
151 6
67

indicated by the low percentage of integral solutions,
there appears to be an incentive to distribute produc-
tion among multiple facilities. Although the demand
allocations for the two systems are very different, the
cost difference (for the range of parameters shown)
appears small. This result should, however, be inter-
preted carefully because experiments with systems
with higher values of � show that this cost difference
increases and can be arbitrarily large as � approaches
one. As we discuss in §6.2, the ability of the DAP-C to
split demand among different facilities while keeping
inventory pooled allows it to achieve an additional
form of risk pooling by spreading production among
multiple suppliers. We provide supporting analytical
arguments for this multisourcing effect.

6. Insights and Special Cases
Characterizing the optimal solution analytically for
either the DAP or the DAP-C is difficult in general.
However, broadly speaking, an optimal solution tends
to balance costs due to three main sources: cost rates
at each facility for each product, congestion at each
facility, and number of inventory locations for each
product type and at each facility. In lightly loaded sys-
tems (as � → 0), production costs tend to dominate
inventory-related costs. Our problem then reduces to
minimizing z��� = ∑N

i=1
∑M

j=1 cij�ij�i, subject to con-
straints (4), (5), and (6). This is, of course, the classical
assignment problem and all the associated insights
apply here. However, in general, although solutions
tend to favor allocating more demand to the least
costly facilities, excessive workloads at any facility
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increase inventory-related costs. In fact, inventory-
holding and backordering costs grow exponentially
at each facility as its utilization increases. Hence,
solutions tend to balance workloads among facilities,
even if it requires assigning demand to facilities with
higher production costs. For the DAP, this work-
load balancing must, however, account for benefits
that arise from concentrating inventory (and con-
sequently production) in as few facilities as possi-
ble (the inventory-pooling effect). For the DAP-C,
because inventory is already pooled, workload can
be distributed to balance workload among different
facilities but also to spread risk among multiple sup-
ply sources (the multisourcing effect). Both inventory
pooling and multisourcing can be viewed as examples
of risk pooling. In what follows, we further examine
and compare these two effects using analytical mod-
els of simple systems. Throughout, we limit our dis-
cussion to the DAP and DAP-C because in the DPP
both inventory and production are pooled in a single
location.

6.1. The Inventory-Pooling Effect
To highlight the role of inventory pooling in the DAP,
we first illustrate how demand allocation can be very
different in a make-to-order system, i.e., in a sys-
tem where holding costs are sufficiently high so that
base-stock levels are always set to zero. For sim-
plicity, let us consider a system with a single prod-
uct and M facilities. Then, our problem reduces to
minimizing

z���=
M∑
j=1

�bj �rj/�1− rj ��+ cj�j��� (18)

subject to (4)–(6). Temporarily ignoring the bounding
constraints (5) and (6) and using the Lagrange multi-
plier ( with constraints (4), the Lagrangian problem
can be written as

minimize L���= z���+(

(
1−

M∑
j=1

�j

)
� (19)

Differentiating with respect to �j and setting the result
to zero, we obtain the following condition on the opti-
mal solution:

�j =
1
�

(

j −

√
�bj
j

(−�cj

)
� (20)

For the special case where costs are symmetric,
and assuming facilities are ordered such that 
1 ≥

2 ≥ · · · ≥ 
M , a closed form for the optimal solution
can be obtained as

�∗
j =



1
�

[

j −

√

j

(∑M∗
i=1
i −�

)
∑M∗

i=1
√

i

]
if j ≤M∗�

0 if j >M∗�

(21)

where M∗ satisfies the condition

M∗∑
i=1


i−√

M∗

M∗∑
i=1

√

i

≤ �≤
M∗+1∑
i=1


i−√

M∗

M∗+1∑
i=1

√

i� (22)

Results (21) and (22) are similar to those obtained
by Ni and Hwang (1985) in the context of dis-
tributed computer systems and illustrate two impor-
tant effects: (1) facilities with higher processing
rates are assigned proportionally more demand, and
(2) facilities with sufficiently slow processing rates
are assigned no demand at all. This is an example
of the so-called dropout rule where, depending on
the demand rate, it may be optimal to idle certain
facilities. Note, however, that this occurs only when
facilities are heterogeneous in their capacity. In sys-
tems where facilities have equal production rates, it is
always optimal to assign equal loads to all facilities,
i.e., �∗

j = 1/M for j = 1� � � � �M .
In contrast to the above result, we now show that

a balanced allocation of demand among facilities in
a make-to-stock system (under the DAP assump-
tions) even when these facilities are identical is not
optimal. In particular, for a system with one prod-
uct and M identical facilities, the optimal cost when
demand allocation is balanced among the M facilities
is given by

z∗b =
Mh ln�h/�h+ b��

ln��/M
�
+�c�

On the other hand, if all the demand is assigned to
only M −K facilities, the optimal cost is given by

z∗u =
�M −K�h ln�h/�h+ b��

ln��/�M −K�
�
+�c�

It is straightforward to show that z∗u ≤ z∗b holds if and
only if (M−K��M−K� ln��/M
�≤M ln��/�M−K�
�,
or equivalently ��/M
�M−K ≤ ��/�M −K�
�M . The
last inequality simplifies to �≤M
� K

√
��M −K�/M�M�.

When K =M − 1, all demand is allocated to a single
facility and the inequality reduces to �≤
� M−1

√
1/M�.

Observation 1. In a make-to-order system with M
identical facilities and one product, allocating the
demand equally among the facilities is optimal. In
contrast, in a make-to-stock system, where inven-
tory is held at the facility that produces it, allocating
demand to only a subset of the facilities, or even to
only one facility, can be more desirable.
Observation 1 illustrates important differences

between make-to-order and make-to-stock systems
and shows the power of inventory pooling. By cen-
tralizing production in a single facility, inventory
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can be sufficiently reduced to mitigate the increase
in replenishment lead times due to higher loading
and increased congestion. The result also shows that
in a make-to-stock system adding capacity may not
always be useful.
Next, we examine parameters that might affect the

value of inventory pooling. We do so using an exam-
ple of a system with N identical products and N
identical facilities. Let zd be the optimal cost when
the demand from each product is equally allocated
among the N facilities, and zp be the optimal cost
when the demand from each product is assigned to
only one facility and each facility is assigned to only
one product. Then,

zd = N

(
Nh ln�h/�h+ b��

ln��/�N �1−��+���
+�c

)
and

zp = N

(
h ln�h/�h+ b��

ln���
+�c

)
�

where � = �/
, and h, b, and c are, respectively, the
backorder, holding, and production costs at the facil-
ities. It is not difficult to show that zp ≤ zd. Moreover,
we can show that the difference zd − zp is increasing
in the parameters �, N , and b. Interestingly, the dif-
ference as a function of � and for fixed N , h, and
b is bounded. Specifically, we have lim�→1 zd − zp =
−hN�N − 1� ln�h/�h+ b��. Although the difference is
increasing in �, the ratio is not monotonic in �. It ini-
tially increases then decreases, with lim�→0 zd/zp = 1
and lim�→1 zd/zp = 1. Hence, the relative benefit of
inventory pooling is most significant when utiliza-
tion is in the midrange, but is limited when utiliza-
tion is either low or high. When utilization is low, the
result agrees with intuition, because total cost is dom-
inated by production costs. When utilization is high,
the intuition is less obvious. A plausible explanation
is that positive correlation among the lead times of
items being pooled in the single location increases as
� increases, which in turn acts to reduce the relative
benefit from pooling; see Benjaafar et al. (2004a) for a
related discussion. The effect of utilization is summa-
rized in the following observation.
Observation 2. For a system with N identical facil-

ities and N products, allocating the demand from
each product to only one facility is superior to allo-
cating the demand from each product equally among
the N facilities. The absolute difference in the optimal
costs of the two allocations increases in utilization, but
has a finite bound. In contrast, the relative benefit of
pooling is decreasing in utilization when utilization
is sufficiently high and eventually vanishes as utiliza-
tion approaches one.

6.2. The Multisourcing Effect
To gain insights into the effect of centralizing inven-
tory in a single location in the DAP-C on demand

allocation, consider a system with two products and
two facilities with identical arrival rates � and service
rates 
 and identical backorder and holding costs,
h and b, respectively. The expressions for expected
inventory and backorder levels for each product i
�i= 1�2� in Lemma 2 simplify to

E�Ii�=




si�1+r
si+1
i �− 2ri�1−r

si
i �

1−ri
if ri1=ri2=ri� and

�1−ri1��1−ri2�

ri1−ri2

(
sri2�1−ri2�−r22 �1−rsi2�

�1−ri2�
2

− sri1�1−ri1�−r2i1�1−rsi1�

�1−ri1�
2

)
otherwise�

(23)
and

E�Bi�=




sir
si+1
i + 2rsi+1i

1−ri
if ri1=ri2=ri� and

�1−ri1��1−ri2�

ri1−ri2

(
r
si+2
i2

�1−ri2�
2
− r

si+1
i1

�1−r2i1�

)

otherwise.

(24)

We consider the following two demand allocation
scenarios. In Scenario 1, all of Product 1 demand is
assigned, to Facility 1, and all of Product 2 demand
is assigned to Facility 2. In Scenario 2, demand from
Products 1 and 2 are split evenly among Facilities 1
and 2. That is, each facility is assigned half the
demand of each product. In both scenarios, the uti-
lization of the facilities is the same �= �/
. We refer
to Scenario 1 as the pooled scenario (both produc-
tion and inventory are pooled in a single location)
and Scenario 2 as the distributed scenario (inven-
tory is pooled but production is distributed). In
Observation 3, we show that the distributed scenario
is more desirable than the pooled one and that the dif-
ference between the two scenarios becomes infinitely
large as � approaches one.
Observation 3. Let z∗p and z∗d denote the opti-

mal cost under the pooled and distributed scenarios,
respectively. Then, (a) z∗d ≤ z∗p, (b) lim�→1�z

∗
p − z∗d�=�,

and (c) lim�→0�z
∗
p − z∗d�= 0.

Proof. Expected cost (given base-stock levels s1
and s2 for Products 1 and 2, respectively) under sce-
nario j (j = pooled, distributed) can be written as

zj�s1� s2�= 2c�+
2∑

i=1
�h�si −E�Qi� j ��+ �h+ b�E�Bi� j ���

Because E�Qi�d� = ∑2
j=1 ri� j/�1− ri� j � and ri� j = �/

�2 − �� for i� j = 1�2, we have E�Qi�d� = �/�1 − ��.
However, E�Qi�p� = �/�1 − �� and, consequently, we
have E�Qi�p� = E�Qi�d� = �/�1 − ��. To show that
zp�s1� s2� ≥ zd�s1� s2� for any combination of s1 and s2,
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it then suffices to show that E�Bi�p� ≥ E�Bi�d�, or
equivalently, that the ratio /B = E�Bi�d�/E�Bi�p�≤ 1. To
show the latter we note that /B = �si�1− ��+ 2− ��/
�2−��si+1. Because /B = �si + 2�/2si+1 < 1 when �= 0,
/B → 1 as � → 1, and /B is strictly increasing in �,
we have indeed /B ≤ 1. If we let s∗i� p and s∗i� d denote
the optimal base-stock levels for product i under
the pooled and distributed scenarios, respectively,
then we have zp�s∗1� p� s

∗
2� p�≥ zd�s

∗
1� p� s

∗
2� p�≥ zd�s

∗
1�d� s

∗
2�d�,

which proves Part (a). For Part (b), first note that the
optimal stock level and the optimal cost under the
pooled scenario are given by

s∗i� p =
ln�h/�h+ b��

ln���
for i= 1�2 and

z∗p = 2
{
c�+h

ln�h/�h+ b��

ln���

}
�

Let s∗p = s∗i� p for i = 1�2. Then, the difference
zp�s

∗
p� s

∗
p �− zd�s

∗
p� s

∗
p � is given by

zp�s
∗
p� s

∗
p �− zd�s

∗
p� s

∗
p �

= 2h
(

�

1−�

)
− 2�b+h��rs

∗
p

(
s∗p

2−�
+ 1
1−�

)
�

Taking the limit and applying l’Hopital’s rule leads to

lim
�→1

(
zp
(
s∗p� s

∗
p

)− zd
(
s∗p� s

∗
p

))=��

Because zd�s
∗
p� s

∗
p �≥ zd�s

∗
d� s

∗
d�, we have

lim
�→1

�zp�s
∗
p� s

∗
p �− zd�s

∗
d� s

∗
d��=��

Finally, for Part (c), we note that as �→ 0, s∗p = s∗d = 0
and z∗p = z∗d = 2c�. Hence, lim�→0�z

∗
p − z∗d�= 0. �

Observation 3 shows that given that the inventory
is pooled, it is beneficial to allocate production among
multiple facilities. This does make intuitive sense. By
distributing production among more than one facil-
ity, variability associated with the supply process is
reduced by spreading it over several sources. This
multisourcing of production can be seen as another
form of hedging, or risk pooling, available to sys-
tems with multiple facilities. In Observation 4, we
verify the validity of this intuition. We show that
the variance of inventory on order (this is also lead-
time demand in our setting) is reduced under the dis-
tributed scenario and that the difference in variance
grows infinitely large with utilization.
Observation 4. Let Var(Qi�p) and Var(Qi�d) denote

the variance of the number of units of type i on order
under the pooled and distributed scenarios, respec-
tively. Then, 0v = Var�Qi�p�−Var�Qi�d�= �2/2�1− ��2

and /v = Var�Qi�p�/Var�Qi�d� = 2/�2− ��. Then, 0v is
increasing in �, with 0v ≥ 0, lim�→00v = 0, lim�→10v =
�, lim�→0 /v = 1, and lim�→1 /v = 2.

Proof. The results follow from noting that

Var�Qi�p� =
�

�1−��2
and

Var�Qi�d� =
ri1

�1− ri1�
2
+ ri2

�1− ri2�
2
= 2r

�1− r�2
�

where the latter follows from the independence of
facilities 1 and 2. Using the fact that r = �/�2−��, we
obtain Var�Qi�d�= ��2−��/2�1−��2, which after some
algebra leads to the desired results. �

The effect of the variance on the optimal cost can
be made more visible when we approximate the dis-
tribution of inventory on order by a normal distri-
bution with matching moments. This approximation
also allows us to consider for the above example the
more general case of N products and N facilities.
Under the normal approximation, we approximate
the distributions of Qi�p and Qi�d by normal distri-
butions with means E�Qi�p�= �/�1− �� and E�Qi�d�=
Nr/�1 − r� = �/�1 − �� and variances Var�Qi�p� =
�/�1 − ��2 and Var�Qi�d� = Nr/�1 − r�2. The optimal
costs for a system with N products and N facilities
can then be in turn approximated as

z∗p ≈ ẑ∗p = cN�+Nk
√
Var�Qi�p�= c�+Nk

√
�/�1−��2

and

z∗d ≈ ẑ∗d = cN�+Nk
√
Var�Qi�d�= c�+Nk

√
Nr/�1− r�2�

where k is a constant that depends on the ratio
b/�h+ b�. As discussed in Chapter 7 of Zipkin (2000),
the normal approximation can be shown to retain
the qualitative characteristics of the optimal cost
under the exact distribution. The difference ẑ∗p − ẑ∗d is
given by

ẑ∗p − ẑ∗d =
√

�

�1−��2

(
N

N�1−��+�

)
�

which is clearly increasing in �, with lim�→0 ẑ
∗
p− ẑ∗d = 0

and lim�→1 ẑ
∗
p − ẑ∗d =�. The ratio ẑ∗p/ẑ

∗
d is also increas-

ing in �, with lim�→0 ẑ
∗
p/ẑ

∗
d = 1 and lim�→1 ẑ

∗
p/ẑ

∗
d =

√
N .

The above analysis highlights how optimal costs
are sensitive to the variance of inventory on order.
By splitting demand, variance can be significantly
reduced and hence, the optimal cost similarly reduced.
This reduction is particularly significant when uti-
lization is high. In the limit case the optimal cost is
reduced by a factor of approximately

√
N .

The risk pooling achieved with multisourcing is
similar to the one achieved from inventory pool-
ing when inventory is factory based, although there
are some important differences. In contrast to multi-
sourcing, the relative benefit from inventory pooling
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decreases in � and eventually vanishes as �→ 1. Also,
the absolute benefit from inventory pooling remains
bounded as � increases while the absolute benefit
from multisourcing grows without bound. This dif-
ference in the effect of � on the two forms of risk
pooling might be related to the fact that when inven-
tory is pooled as in the DAP the demand streams
that are pooled are served from a single produc-
tion facility. In that case, higher utilization induces
higher correlation between the lead time demands of
these streams. In contrast, with centralized inventory,
higher utilization does not affect correlation because
the demand streams being split are served from inde-
pendent facilities.
The inventory pooling and multisourcing effects

highlight the need for firms to coordinate their dis-
tribution strategy with their choice of manufacturing
technology. The value of flexible manufacturing tech-
nology is greater when inventory is centrally ware-
housed. On the other hand, there is less justification
for investments in flexible technology if inventories
are warehoused at the factories. The results also illus-
trate the value of a dual strategy of “pooling demand”
via the centralization of inventory but “splitting sup-
ply” via multisourcing.

7. Extensions
In this section, we present extensions to our original
model. In particular, we consider systems with multi-
ple customer classes, systems with heterogeneous ser-
vice times, and systems with general distributions of
demand and service times.

7.1. Systems with Multiple Customer Classes
In certain settings, the demand for a particular prod-
uct may arise from different customer classes. Dif-
ferent backordering costs (or service levels) may be
associated with different customer types. For the DAP,
in addition to determining which products should
be assigned to which facility, there is now a need to
determine from which facility the demand for each
customer class should be satisfied. In other words,
our demand decision variables for the DAP are the
parameters �k

ij , where �k
ij refers to the fraction of

demand of customer k for product i that is satisfied
from facility j . The �k

ijs must satisfy the constraint

M∑
j=1

�k
ij = 1� i= 1�2� � � � �N� k= 1�2� � � � �Ki� (25)

and Ki is the total number of customer classes for
product i.
Due to the differences in backorder costs of cus-

tomers, backordering an arriving demand for prod-
uct i at facility j , in consideration of future more
expensive arrivals, can reduce the long-run total

cost. Recently, de Véricourt et al. (2002) established
a complete characterization of the rationing policy
minimizing the long-run average inventory costs for
a single product at a single location. In that case, there
is a threshold for each class of customers such that
it is optimal to satisfy demands from this class if the
on-hand inventory is above that threshold. More pre-
cisely, consider n thresholds s1� � � � � sn, where sn corre-
sponds to the base-stock level of the system and sk−1
is the threshold associated with customer k. Then, the
optimal rationing policy is of the form:
• allocate a produced item to a waiting demand of

customer class k if the stock level is at sk−1, and
• backorder an arriving demand from customer

class k if the inventory level is less than sk−1.
The optimal thresholds and the optimal base-stock
level �s∗1� � � � � s

∗
n�, as well as the corresponding optimal

long-run average inventory cost, can be computed
recursively.
When more than one product is considered,

because the allocation of the production capacity
among the different product types follows a (FCFS)
policy, the distribution of inventory on order at facil-
ity j , Qj =

∑N
i=1Qij , where Qij is the number of orders

of product i placed with facility j , has a product form
distribution with Qij being geometrically distributed
with parameter rij (see Buzacott and Shanthikumar
1993 for details). The distribution of Qij is also the
one we obtain in a facility with a single product but
service rate 
ij = 
j −

∑
l 
=i

∑Kl

k=1�
k
lj�

k
l . The rationing

problem for N products at facility j with production
rate 
j is then equivalent to N rationing subproblems
with production rates 
ij . Hence, we can apply the
recursive procedure presented in de Véricourt et al.
(2002, Property 3) to compute the total expected cost
z��� s∗�, where s∗ is a matrix with components skij ,
representing the inventory threshold for customer k
of product i at facility j . Because the state space is
discrete, this procedure provides integer thresholds.
Treating these thresholds as real values, we can obtain
the following much simpler expression for the opti-
mal cost:

z��� s∗� =
N∑
i=1

M∑
j=1

Ki∑
k=1

{
hij ln

[
hij + bk+1ij

hij + bkij

]

· 1

ln�
∑k

l=1 r̂
l
ij �

+ cij�
k
ij�

k
i

}
� (26)

where bkij is the backordering cost for customer class
k for product i at facility j , with b

Ki+1
ij = 0, �k

i is the
demand rate of customer k for product i, and

r̂ kij =
�k
ij�

k
i


j −
∑

l 
=i

∑Kl
t=1�

t
lj�

t
l

� (27)
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The DAP can now be solved by first solving the
following related problem with decision variables xkij
and yk

ij :

minimize
N∑
i=1

M∑
j=1

{
cijx

Ki
ij −

Ki∑
k=1

hij ln��hij+bk+1ij �/�hij+bkij ��

yk
ij

}
(28)

subject to

M∑
j=1

xkij =
k∑

t=1
�t
i� i=1�2�����N� k=1�2�����Ki� (29)

N∑
i=1

x
Ki
ij −
j ≤0� j=1�2�����M� (30)

xkij−xk−1ij ≥0� i=1�2�����N� j=1�2�����M�

k=1�2�����Ki� (31)

xkije
ykij +∑

l 
=i

x
Kl

lj −
j ≤0� i=1�2�����N� j=1�2�����M�

k=1�2�����Ki� (32)

x1ij ≥0� yk
ij ≥0� i=1�2�����N� j=1�2�����M�

k=2�����Ki� (33)

Both the objective function and the constraints in the
above problem are jointly convex in the decision vari-
ables. Once we solve the above problem, the original
decision variables can be recovered as follows: �k

ij =
�xkij − xk−1ij �/�k

ij with �1
ij = x1ij /�

1
ij . It is easy to verify

that the �k
ijs satisfy all the constraints in the original

problem.
Although inventory rationing in systems with mul-

tiple customer classes is a superior policy to an inven-
tory allocation based on FCFS, it can be difficult
or costly to implement in practice. Therefore, it is
of interest to examine the extent to which optimal
rationing improves performance over FCFS and how
different the demand allocations are under the two
policies. Under FCFS, the total cost is given by

z���s∗� =
N∑
i=1

M∑
j=1

{
hij ln�hij/�hij+ b̂ij ��

ln�r̂ij �
+cij

Ki∑
k=1

�k
ij�

k
i

}
�

(34)

where

r̂ij =
∑Ki

k=1�
k
ij�

k
i


j−
∑

l 
=i

∑Ki

k=1�
k
lj�

k
l

and b̂ij =
∑Ki

k=1�
k
ij�ikb

k
ij∑Ki

k=1�
k
ij�

k
i

�

(35)

The optimal base-stock level for each product at each
facility (for a given flow allocation matrix �) can be
obtained as

s∗
ij
= ln�hij/�hij + b̂ij ��/ ln�r̂ij �� (36)

Unfortunately, the problem under FCFS cannot be
easily transformed into a convex optimization prob-
lem because of the definition of b̂ij in (35). However,
in all of our numerical examples, a local search
algorithm has been converging to a unique optimal
solution.
We have so far considered systems where inven-

tory is held locally at each facility. The analysis can be
extended to systems where inventory for each prod-
uct is centrally held. In this case, a rationing threshold
policy means that demand from customer k for prod-
uct i is backordered if inventory level for product i in
the central location is less than ski ; otherwise it is sat-
isfied from available stock. Furthermore, a produced
item is allocated to a waiting demand of customer
class k if the stock level is at the corresponding thresh-
old sk+1i . A demand from class k for product i always
triggers a production order that is allocated to facility j
with probability �ij . Under the above assumptions, it
can be shown that the optimal cost is given by (see
Appendix 4 for supporting arguments)

z��� s∗�=
N∑
i=1

[
his

∗
i +

M∑
j=1

cij�ij�ij

]
� (37)

where the optimal base-stock levels s∗i are recursively
computed as follows: (1) let s0i = 0, (2) for 0 ≤ k ≤
Ki, let s

k+1
i be the unique solution to

M∑
j=1

Rk
ij �r̂

k
ij �

s−ski = hi+bk+1i

hi+bki
� where

Rk
ij = �r̂ kij �

M−1∏
l 
=j

�1− r̂ kil�

�r̂ kij− r̂ kil�
� (38)

and (3) let s∗i = s
Ki+1
i , where sk+1i corresponds to the

optimal threshold rationing levels for customer k for
product i.
If instead of a rationing policy we use a FCFS policy

to allocate demand, then the problem is equivalent
to the DAP-C problem with �i and bi substituted by∑Ki

k=1 �
k
i and b̂i =

∑Ki

k=1 �
k
i b

k
i /�i, respectively.

To examine the magnitude of cost savings from
inventory rationing, let us consider a system with two
identical facilities, one product, and two customer
classes. The two customer classes have the same
demand rates but different backorder costs b1 and b2.
In Figure 1, we illustrate the effect of increasing
the ratio b1/b2 on the optimal cost for four system
configurations: (a) centralized inventory with opti-
mal rationing, (b) centralized inventory with FCFS
allocation, (c) factory-based inventory with optimal
rationing, and (d) factory-based inventory with FCFS
allocation. The graphs reveal three interesting insights:
(1) there can be significant value to inventory ration-
ing regardless of whether inventory is centralized or



Benjaafar et al.: Demand Allocation in Multiple-Product, Multiple-Facility, Make-to-Stock Systems
1444 Management Science 50(10), pp. 1431–1448, © 2004 INFORMS

Figure 1 The Effect of Backorder Costs on the Optimal Cost for
Different System Configurations
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not, (2) the cost savings from inventory rationing can
be more significant than those from inventory cen-
tralization, and (3) the cost difference between sys-
tems without and with rationing increases with the
ratio b1/b2. Numerical experiments with systems with
larger numbers of products, facilities, and customer
classes confirm these insights. These results suggest
that for firms facing multiple customer classes adopt-
ing a strategy of differentiated customer service (via
inventory rationing) can be more value-adding than a
strategy of inventory pooling.
The demand allocations that arise under the four

configurations can also be quite different (for the sake
of brevity, detailed numerical results are omitted).
When inventory is factory based, there are significant
differences in how demand is allocated depending on
whether or not inventory is rationed. If FCFS alloca-
tion is used, the demands from the two classes are
largely segregated with Class 1 served mostly from
one facility and Class 2 served entirely from the other
facility. On the other hand, if inventory is rationed,
the demand from each class is evenly split between
the two facilities. Although initially surprising, the
differences between the two policies do make intu-
itive sense. Under FCFS, segregating the two classes
allows us to offer differentiated service levels to each
class (i.e., choose a higher base-stock level for Class 1
than for Class 2). We call this the customer segmenta-
tion effect. Under rationing, differentiated service lev-
els can be offered without physically separating the
classes. Consequently, there is an incentive to mix
classes in both facilities, because this gives priority
to Class 1 in more than one facility. We call this the
inventory rationing effect. We should note that the cus-
tomer segmentation under FCFS is generally not com-
plete. We have observed that there is generally a small
fraction of demand from Class 1 that gets assigned
to Facility 2, the facility from which all of Class 1

demand is served. This appears due to the fact that
subjecting a small fraction of Class 1 demand to the
lesser service quality in Facility 2 can improve the
quality of service of the larger fraction that remains
in Facility 1. This is, however, possible only within
a limited range (a few percentage points of Class 1
demand in all of the examples we generated). When
inventory is centralized, the demand allocated to pro-
duction facilities is undifferentiated because regard-
less of the allocation all demand is met from a single
inventory location. As expected, under both FCFS and
rationing, demand is split evenly between the two
facilities.
These results suggest that, interestingly, a policy

of undifferentiated customer service (i.e., FCFS allo-
cation) gives rise to customer-focused facilities while
a policy of differentiated customer service gives rise
to multicustomer facilities. In practice, firms must be
aware of these effects when adopting a strategy of
differentiated service. In particular, they must put in
place processes that can support servicing multiple
customer classes from each facility. These concerns,
of course, arise only when inventory is factory based
and are absent when inventory is centralized in a sin-
gle location.

7.2. Products with Heterogeneous Processing
Requirements and General Demand
Distributions

In environments where the processing requirements
of different products vary significantly, there may be
a need to explicitly account for these differences in
characterizing the distribution of production times at
each facility. In particular, let the processing times
of type i products at facility j be i.i.d. random vari-
ables, denoted by Sij with probability distribution Fij .
Then, Qj =

∑N
i=1Qij , where Qij is the number of orders

of type i placed with facility j , is equal in distribu-
tion to the number of customers in an M/G/1 queue
with arrival rate 9j =

∑N
i=1�ij�i and service time

probability distribution Fj =
∑N

i=1 ��ij�i/
∑N

i=1�ij�i�Fij ,
a result that holds as long as orders are processed
on an FCFS basis. Then, given the stationary distribu-
tion of the number of customers in the corresponding
M/G/1 queue, we can derive the stationary proba-
bility distribution of the Qijs in a manner analogous
to the one described in Appendix 1. Unfortunately, a
closed-form expression for the queue size distribution
in an M/G/1 queue is difficult to obtain. In what fol-
lows, we propose approximating the queue size in an
M/G/1 queue by a geometric distribution of the form

Pr�Qj = nj� =


1−�j if Qj = 0�

�j�1−:j�:
nj−1
j if Qj = 1�2� � � � �

(39)
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where

:j = �E�Qj�−�j�/E�Qj��

E�Qj� =
∑N

i=1�ij�i

∑N
i=1�ij�iE�S

2
ij �

2�1−�j�
+�j� (40)

and �j = ∑
i �ij�iE�Sij �. Supporting arguments for

using such an approximation can be found in
Buzacott and Shanthikumar (1993) and Tijms (1995).
From (39)–(41), and using arguments similar to those
used in Appendix 1, we obtain

Pr�Qij = nij �=



1− r̂ij if Qij = 0�
�j

:j

�1− r̂ij �r̂
nij
i if Qij = 1�2� � � � �

(41)

where r̂ij = �ij�i:j/�
∑

i �ij�j −:j

∑
k 
=i �kj�k�. From (41),

we can now express for the DAP (a similar analysis
can be carried out for the DAP-C) the expected inven-
tory and backorder level for each item at each facility,
respectively, as

E�Iij � = sij −
�j

:j

(
r̂ij

1− r̂ij

)
�1− r̂

sij
ij � and

E�Bij � =
�j

:j

(
r̂
si+1
ij

1− r̂ij

)
� (42)

For a given flow allocation matrix, �, we can then
show that the optimal base-stock level is given by

s∗ij = ln
[

hij:j

�j�hij + bij �

]/
ln�r̂ij �� (43)

Substituting into the objective function, we obtain

z��� s∗� =
N∑
i=1

M∑
j=1

{
hij ln�hij:j/�j�hij + bij ��

ln�r̂ij �
+ cij�ij�ij

}
�

(44)

Unfortunately, this objective function does not share
similar properties as (10) and (26) and is neither con-
vex nor concave in the �ijs. Hence, global optimiza-
tion techniques have to be used to determine an
optimal allocation. Nevertheless, insights can still be
gained by examining the objective function.
From (44), we can see that the cost of the opti-

mal demand allocation is sensitive to the value of the
parameter :j . In particular, for fixed �j , the optimal
base-stock level is increasing in :j . The parameter :j ,
which lies on the interval [0, 1], is itself a function
of two parameters: �j , the utilization of facility j , and
Csj

, the coefficient of variation in processing times at

facility j . This can be viewed more conveniently by
rewriting (40) as follows:

E�Qj� =
�2j �1+C2

sj
�

2�1−�j�
+�j� where

C2
sj
= Var�Sj �

E�Sj�
2
=

∑N
i=1�ijE�S

2
ij �−�

∑N
i=1�ijE�Sij ��

2

�
∑N

i=1�ijE�Sij ��
2

�

(45)

From (45), we can see that for fixed �j , :j is increas-
ing in Csj

. Hence, all else being equal, the optimal
solution will seek demand allocations that minimize
the variability in processing times. This points to yet
another principle, which we call the processing vari-
ability effect, that must be balanced against the other
effects in determining an optimal solution.
The approximation in (41) could in principle be

used to handle systems where the product demands
have a general distribution, but still form indepen-
dent renewal processes. However, two technical dif-
ficulties must be addressed. The first arises from the
fact that the superposition of renewal processes does
not necessary yield a renewal process. Therefore, the
arrival process to each facility may not be renewal.
The second is due to the lack of an exact expression
for the expected number of customers in a GI/G/1
queue. The first difficulty may be handled by approx-
imating superposed renewal processes by a renewal
process whose coefficient of variation is obtained via
a two-moment approximation, such as the asymptotic
method described in Albin (1984) and Whitt (1982).
The second difficulty can be addressed by using one
of the many reasonably good bounds available for the
expected number in system in a GI/G/1 queue (e.g.,
Wolff 1989). Alternatively, we may focus on regimes
where explicit results are available. One such regime
is heavy traffic. In particular, it is known that as
�j → 1, the number of class i customers in a multi-
class G/G/1 queue j weakly converges to a Reflected
Brownian Motion with drift �ij�i�

−1
j �1−�j� and vari-

ance (Peterson 1991)

��ij�i�
2�−2

j

N∑
i=1

�ij�iE�Sij �
2�C2

aij
+C2

sij
�� (46)

where Caij
and Csij

are, respectively, the coefficients of
variation in interarrival times and processing times
for product i at facility j , with

C2
aij
= �ijC

2
ai
+ 1−�ij� (47)

where C2
ai
is the coefficient of variation in interarrival

times for product i. For a given flow allocation matrix,
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�, it can then be shown that the optimal base-stock
level is given by

s∗ij =
�ij�i ln��hij + bij �/hij �

∑N
i=1�ij�iE�Sij �

2�C2
aij
+C2

sij
�

2�j�1−�j�
(48)

(see Wein 1992 for details). Substituting into the objec-
tive function, we obtain

z���s∗�=
N∑
i=1

M∑
j=1

{�ij�ihij ln��hij+bij �/hij �
∑N

i=1�ij�iE�Sij �
2�C2

aij
+C2

sij
�

2�j �1−�j �

+ cij�ij�i

}
� (49)

As it can be seen from (49), the optimal allocation is
affected by the parameters Caij

. All else being equal,
the optimal allocation will attempt to minimize vari-
ability in order arrivals to the facilities. It is interesting
to note here that, depending on the amount of vari-
ability in demand processes, there may be a disincen-
tive toward inventory pooling. In particular, splitting
demand among multiple facilities can reduce the vari-
ability in the order arrival process to facilities. This
can be seen by noting that the inequality

C2
aij
= �ijC

2
ai
+ 1−�ij ≤C2

ai

holds if and only if Cai
≥ 1. This means that demand

splitting would reduce the arrival variability of orders
to the production facilities when the variability of the
original demand processes is relatively high �Cai

> 1�.
This is rather counterintuitive because the benefits of
inventory pooling are generally thought to be greater
when demand variability is high. This also highlights
an eighth principle, a demand-variability effect, of which
managers must be aware in making demand alloca-
tion decisions.
Although we have restricted our discussion to the

DAP, the analysis can be extended to the DAP-C.
As in the DAP, demand splitting has the effect of
reducing interarrival time variability at the facilities
when the original demand variability is sufficiently
high. This reduction in arrival variability compounds
the benefit derived from splitting due to the multi-
sourcing effect (i.e., the reduction in the variance of
inventory on order). The two effects are different. For
example, splitting demand when the coefficients of
variation of demand interarrival times are less than
one actually increases the variability of the arrival
process, while it maintains some desirable variance-
reduction effect. However, the net effect could be
that demand splitting becomes undesirable in some
cases (e.g., splitting demand probabilistically in a sys-
tem with little or no interarrival and processing time
variability).

8. Concluding Comments
In this paper, we have presented models for assist-
ing managers in making product demand alloca-
tion and inventory control decisions in environments
where there are multiple facilities capable of manu-
facturing each product. We used the models to illus-
trate how they can be used to gain insights into
factors that affect the desirability of demand alloca-
tion and inventory control policies. In particular, we
highlighted eight important principles that relate the
effect of production cost, congestion, inventory pool-
ing, multiple sourcing, customer segmentation, inven-
tory rationing, and process/demand variability.
The models we presented could be used to examine

additional strategic decisions. For example, the mod-
els could be embedded in a capacity-planning model
to jointly determine the size and number of facili-
ties as well as the demand allocation to these facili-
ties. The models could also be useful in determining
the optimal level of production flexibility in settings
where increasing the scope of each facility requires an
investment cost. Alternatively, we may use the mod-
els to examine product redesign strategies that would
reduce product variety via standardization or delayed
product differentiation.
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Appendix 1. Proof of Lemma 1
The conditional probability Pr(Qij = nij �Qj = nj�, where Qij

is the number of units of type i that are on order with facil-
ity j and Qj =Q1j +Q2j +· · ·+QNj , has a binomial distribu-
tion with probability pij = �ij�i/�

∑N
k=1 �kj�k�. Hence, for all

nj ≥ nij , we have

Pr�Qij = nij �Qj = nj�=
nj !

nij !�nj −nij �!
�pij �

nij �1− pij �
nj−nij �

(A1)

Noting that the total numbers of orders in a facility j is
equal in distribution to the number of customers in an
M/M/1 queue, we have Pr�Qj = nj� = �

nj
j �1− �j�, and we

obtain

Pr�Qij = nij � =
�∑

nj=nij

Pr�Qij = nij �Qj = nj�Pr�Qj = nj�

=
�∑

nj=nij

nj !
nij !�nj −nij �!

p
nij
ij �1− pij �

nj−nij �
nj
j �1−�j�

for nij ≥ 1� (A2)

which after some algebra leads to Pr�Qij = nij �= �1− rij �r
nij
ij ,

where

rij =
�jpij

1−�j�1− pij �
= �ij�i


j −
∑

k 
=i �kj�k

� (A3)
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For Qij = 0, we have Pr�Qij = 0� = 1−∑�
nij=1 Pr�Qij = nij � =

1 − rij . We can now obtain the expected inventory
for each item as E�Iij � =

∑sij
nij �sij −nij �Pr�Qij = nij � = sij −

rij �1− r
sij
ij �/�1− rij �, and the expected number of backorders

as E�Bij � = ∑�
nij=sij

�nij − sij �Pr�Qij = nij � = r
sij+1
ij /�1 − rij �.

Finally, it is straightforward to show that Pr�Qij ≥ sij � =
1 − ∑sij−1

nij=0 �1− rij �r
nij
ij = r

sij
ij , which completes the proof.

These results extend the analysis found in Buzacott and
Shanthikumar (1993) to systems with multiple facilities. �

Appendix 2. Proof of Lemma 2
If we let Qi be the number of units of type i that are on
order, then Qi =Qi1 +Qi2 + · · · +QiM , and the probability-
generating function of the total number of jobs of type i on
order is given by

gi�z�= E�zQi �= E�zQi1 �E�zQi2 � · · ·E�zQiM �� (A4)

which can be rewritten as

gi�z�=
M∏
j=1

�1− rij �
/ M∏

j=1
�1− zrij �� (A5)

which in turn leads upon a partial fraction expansion to

Pr�Qi = ni�=
M∑
j=1

r
ni+M−1
ij

M∏
k=1

�1− rik�
/∏

k 
=j

�rij − rik�� (A6)

provided that rij 
= rik for j 
= k. In a balanced system with
rij = ri for j = 1� � � � �M , the total number of units of type i
on order has a negative binomial distribution; that is,

Pr�Qi = ni�=
(
ni +M − 1

ni

)
�1− ri�

Mr
ni
i � (A7)

Let Rij =
∏

k 
=j r
M−1
ij �1− rik�/�rij − rik�. Then, we can rewrite

(A6) as

Pr�Qi = ni�=
M∑
j=1

Rij �1− rij �r
ni
ij � (A8)

From the above, we can obtain expected inventory for each
product as

E�Ii� =
si∑

ni=0
�si−ni�Pr�Qi=ni�

=
M∑
j=1

Rij �si−rij �1−r
si
ij �/�1−rij ��� (A9)

and noting that si = E�Ii�+E�Qi�−E�Bi�, the expected num-
ber of backorders as

E�Bi�=
M∑
j=1

Rij �r
si+1
ij /�1− rij ��� (A10)

in which we use the fact that E�Qi�=
∑M

j=1 rij /�1− rij �. From
(A8), we also obtain

Pr�Qi ≥ si�=
M∑
j=1

Rij r
si
ij � (A11)

which completes the proof.

Appendix 3. Random Data Generation Procedure
The production rate 
j , the arrival rates �j , and the cost
parameters cij are randomly generated from continuous
uniform distributions with ranges [10, 50], [10, 20], and
[100, 150]. Unit holding costs are obtained as hij = aij cij ,
where the parameter aij is also generated randomly from
a continuous uniform distribution with range [0.02, 0.30].
Similarly, unit backordering costs are obtained as bij =
%ijhij/�1−%ij �, where %ij is randomly generated from a uni-
form distribution over the range (0.60, 0.99). The parameter
%ij can be viewed as the effective desired fill rate of prod-
uct i at facility j . To obtain the desired overall utilization
�, the randomly generated demand rates are rescaled by
multiplying each �i by �

∑N
i=1 �i/

∑N
i=1
i�/�.

Appendix 4. Analysis of Systems with Multiple
Classes and Centralized Inventory
The following result characterizes the optimal threshold lev-
els ski , k≤Ki, and the optimal base-stock levels s∗i for a sys-
tem with multiple customer classes and centralized inven-
tory as discussed in §7.1.

Lemma A1. Construct the sequence ski and gk
i as follows. Set

s0i = g0
i = bKi+1 = 0. Then, for k≤Ki,

(1) compute

r̂ kij =
�ij

∑k
l=1 �

l
i


j −
∑

l 
=i �lj�l

and Rk
ij = �r̂kij �

M−1∏
l 
=j

�1− r̂ kil�

�r̂ kij − r̂ kil�
�

(2) determine sk+1i , the smallest integer such that 0gk+1�s�
> 0, where

0gk+1
i �s� =

M∑
j=1

Rk
ij

[
hi + bki − �r̂kij �

s−ski
[
�1− r̂ kij ��g

k
i − �hi + bki �s

k
i �

+ �hi + bki �r̂
k
ij

]]
� and

(3) evaluate

gk+1
i =

M∑
j=1

Rk
ij

[(
ski −

r̂ kij

1− r̂ kij

)
�hi + bk+1i �

+
(
gk+1
i −

(
ski −

r̂ kij

1− r̂ kij

)
�hi + bki �

)
�r̂kij �

s−ski

]
�

The optimal threshold levels are given by ski , for k≤Ki, the opti-
mal base-stock level for product i is equal to s∗i = s

Ki+1
i , and the

corresponding optimal cost is given by g
Ki+1
i .

Proof. For any k, denote by gk
i the optimal average cost

when product i has k classes of customers, with backorder
costs given by �b1i − bk+1i � � � � � bki − bk+1i � and holding costs
hi + bk+1i . (Note that when k = Ki, then bk+1i = 0 and we
obtain the initial problem.) Denote by �x0i � � � � � x

k
i � the sys-

tem state with k customer classes, where x0i represents the
inventory level and xli , l ∈ �1� � � � � k�, the number of back-
orders for class i. Also, let Xl

i , l ∈ �1� � � � � k�, denote the
corresponding random variables. The instantaneous costs
cki �x

0
i � � � � � x

k
i � are then given by

cki �x
0
i � � � � � x

k
i � = �hi + bk+1i �x0i −

k∑
l=1

�bli − bk+1i �xli

= ck−1i �x0i � � � � � x
k−1
i �− �bki − bk+1i �

k∑
l=0

xli �
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Let Qk
i =Qk

i1 + · · · +Qk
ij + · · · +Qk

iM be the number of units
of type i when there are k classes of customers. The arrival
rate for product i at facility j is then equal to �ij

∑k
l=1 �

l
i.

Following de Véricourt et al. (2000) we show the result by
iterating on the number of customer classes. Assuming that
the property is true for k classes of customers for a given
base-stock level s, the average cost gk+1

i �s� with k+ 1 cus-
tomer classes can be shown, after some computations, to be
given by

gk+1
i �s� = gk

i Pr�Q
k+1
i ≥s�+�hi+bk+1i �

s∑
z=ski +1

zPr�Qk+1
i =s−z�

+�bki −bk+1i ��E�Qk+1
i �−s��

The function 0gk+1
i �s� can then be derived using the prob-

ability distribution of Qk+1
i given by Equation (19), with

the total arrival rate for product i equal to
∑k

l=1 �
l
i. Because

0gk+1
i �s� is convex, sk+1i is well defined and gk+1

i can be
obtained from gk+1

i �sk+1i �. �

If we allow stocks to take real values, the previous opti-
mal procedure can be simplified and the total cost for the
case of centralized inventory with rationing reduces to

z��� s∗�=
N∑
i=1

[
his

∗
i +

M∑
j=1

cij�ij�ij

]
�

where the optimal base-stock levels s∗i = s
Ki+1
i are recur-

sively computed as follows: for 0 ≤ k ≤ Ki we obtain sk+1i

the unique solution of
∑M

j=1R
k
ij �r̂

k
ij �

s−ski = �hi + bk+1i �/hi + bki .
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